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variable
Abstract
Classical nonlinear integer
programming methods do not recognize

conditions for global optimality. This study
proposes a hecessary and sufficient condition
for global optimality of a specia structured
integer programs. By denoting a bridge
variable as one appears in more than one
cross product term in the program, we define
a function composed of al bridge variables.
Following that we prove that a global
optimum is one which has minimal value in
this function. The proposed condition is very
helpful in finding the globa optimum of a
nonlinear integer program where many
variables are non-bridge variables.
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The conventiona optimization tools such
as gradients, subgradients, and second order
constructions as Hessiane, cannot be
expected to yield conditions of optimality
for a nonlinear integer program. An
exhaustive enumeration method (Vizvari and
Yilmaz,1994) requires to evaluate most of
feasible points for finding the globa
optimum of a nonlinear integer program.
Several specia types of nonlinear integer
prograns were studied under different
assumptions: Various Lagrangean
decomposition methods (Floudas, 1995) solve
a class of nonlinear integer programming
problems based on nonlinear duality theory.
Some outer approximation algorithms (Duran
and Grossmann,1986,Horst and Tuy,1990)
solve specific nonlinear integer programs
with linear constraints.

This paper proposes a necessary and
sufficient condition of global optimality for a
gpecial structured Nonlinear Integer Program
(NIP). This study classifies all variables as
bridge variables and non-bridge variables. A
bridge variable is one which appears in more
than one cross product terms in a NIP. The
specia structured program we are interested
in is one where many of variables are non-
bridge variables. By defining a new function
based on bridge variables, our necessary
condition of global optimality states that if a
point has minimal value of this new function,
then this point is a global minimum of a NIP.
Our sufficient condition of global optimality
states that a global minimum of a NIP should
have minimal value of the new function.

For the simplicity of expression, the



nonlinear integer program discussed in this
paper is formulated as following box-
constrained  program. It could
straightforwardly extended into constrained
nonlinear programs:

NIP  Minf(X)= § a.x

ik

subject to x £ x £ x fori = 1,2..n, X

!

a C//kXb Xg

i,j,k

are integers, x and ;, are respectively the

!

lower and upper bounds, &, Cj.a,. by, 9
arereal, where X = ( x, X,,..., X, ).

Followsis an example of aNIP:

Minf(X) = 2)¢- X'+ X +X5°+ x5 -2 X X,
+X12)%'2X2X4+)%X4 1)
subject to O£ x, £4 ,0£ x, £E3 ,0£ , £2,
O£ x, £1, x,X,X, X areintegers.

If solving this problem by an exhaustive
enumeration method, the number of integer
points required to check is 5x4x3x2 = 120 .

Observing NIP problem in (1) we know
that there are four cross product terms
composed by following three pairs of
variables (x,x,), (x,x,). (x,x) where

X, and x, appear twice, and x, and Xx,
appear once. Here x, and x, are caled

“bridge variables’ since they serve as bridges
to link related variables in the cross product

terms. For instance, x;, links (xlxa) with
(x,x,) ad x, links (x,x) with

(. %)

This paper is interested in a NIP problem
where many of variables are non-bridge
variables. We propose a necessary and
sufficient condition of global optimality for
this specia structured NIP problems. The
proposed condition is quite useful in findng
aglobal solution of such a problem.

Denote Y as a non-bridge set composed of
all non-bridge variables, and Z as a bridge set
composed by all bridge variables, the
decision vector can be expressed as X ={Y,

Z}, whereY = (Y, Voo V) @A Z =
o (8 20 Zg).

Then aNIP problem can be rewritten as

Minf(x)=f(v.2)= & f(v)+4 f,(z)

i J

+& 1,y ,)+é’1 f.(z.2,)

ij

2

subject to &Ey,E?, , zj£zj£?j
where f, is composed by a non-bridge
variable, f, is composed by a bridge

/
variable, f; is composed by one non-bridge

and one bridge variables, f, is

comPosed by two bridge variables.

A condition of global optimality for a
BIP problem is proposed as follows.

Theorem 1 ( Necessary condition of global
optimality)
A global optimum (V,Z*) of (2) should

satisfy
er{ (zf z,.

i\v.z) =

q) | for

Theorem 2 ( Sufficient condition of global
optimality for NIP problem )

If there is a point (Y’,Z*) satisfying
following conditions
fv.z) = Min {
al Z,
(V,Z*) is a globa minimum for NIP
problem of (2)

2) | for

E(Zf’ z9,...,

We use some numerical examplesto
illustrate that the condition is useful in
solving aNIP problem .

Examplel Consider following problem
which does not have cross product term :

Minimize f(x)= x*- X+ x,

subjectto - 2£ x. £2 , x areintegers,



1=1,2,3.

InthisexampleQ= F andBS= F,
The optimal solution (xl X2X3) should

satisfy g()qxzxg) :Min{xf , -2£)q£2}
+Min{- 2, -2£ x, £2}+
Min{x, , -2£ x, £2} = -8-42=-14,

with x =-2, x,=20r-2, and x, = -2.

Example2 Consider following three camel
NIP problem

Minimize f(x)=
25 - 119X +%){3 xx +.0¢ +35%¢ - )é+?13)§ 2%,%,

subjectto - 2E x £1, - 2E£ x, £2,
-2E£Ex,£2; x,X,Xx aeintegers.

Here Q:{(X.L’Xz)’(xz’xs)} and BS=
{x}. Following Definition 2, g(x}) can be
specified as g(xg)zMin
{fl(X.L)+ flz(Xl’Xg) , ~2E X £2 } +Min
{f3(X3)+ f23(X§,X3) J '2£X3£2 }+ fz()éz?)
By specifying X0 as—2, g(xg) becomes

g(xg =-2):Min
{ 2x¢ - 1.19% +%xf +2x|- 2Ex £2}+

Min{ 3x - )é+%x§ +AX| 2E X £2}+4

=-3.974
The best solutionis(x, =-2,x, =-2,x = 0)
for given x,=-2.

Similarly, we have
9(x, = - 1)=-2.274 with best known x = -
2, x,=0,
g(x, =0) =-.374 with best known
-2 , )%:0'

X =lor

g(x, =1)=-2.274 with best known x =2,
X =0,
9(x, =2) =-1.974 with best known x =1,
X =0,

the global optimum is then (xl X2X3)
= (- 2,-2,0) with objective value —3.974 .

To find agloba minimum of this
example by an exhaustive enumeration way ,
the total number of points required to be
checked is 4x5x5=100 . By utilizing the
proposed condition of global optimality, the
number of required check points becomes

4X5 + 5X5 = 45.

Example3 Consider aNIP problem,
where Q={(y;,2).(v..2).(2.2)}

and BS={z, z,} . The total number of points
corresponding to (z, z,) is3x2 = 6.

A g(z =1,z =1) valueis computed.
Similarly all other 24 ¢(2, 2) can

be obtained. The global solution of this
exampleis (v, 1,2 ,2)= (L111).

Here the total number of points required to
be checked is 5x3 + 3x4 + 4x2 = 35.

As described before, if solving this example
by an exhaustive enumeration way, the
required number of check pointsis
Sx4x3x2=120.

The proposed global optimality condition
can also be extended to solve a NIP problem
where a cross term contains more than two
variables. Consider following example:

Example4 Solving following integer
problem

Minimize
f(X):Xf+X§- X33+XLX3' XXX,
subjectto - 2Ex £4, - 2£E X, £3,



C2EXE2, -2£Ex £1
where Q={(x,x).(x,x,x,)} andBS=

{}-

A g(x§) is expressed as

gbg)=min{ ¢+ x| - 2£x £4}+
Min

{ X-xXx| -2£x £3-2£ x, £1}-

L)

where x,x]x, isacrossterm..

To compute a g(xg ) requires to check

7+6x4= 31 integer points. The total number
required to examine for finding a global
minimum is 31x6= 186. It isless than
7x6x5x4= 840 which is the required check
number for using an exhaustive way to solve
the problem, the obtained global minimum is

(X, %, %, %) =(-2,1,2,2).

This research proposes a necessary and
sufficient condition for global optimum of a
specific  structured  nonlinear integer
programs. This condition is quite useful for
finding the globa minimum of aNIP
problem where most of variables are non-
bridge variables.
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