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Abstract

Describing the behaviors of stress singularities correctly is essential for obtaining
accurate numerical solutions of complicated problems with stress singularities. This analysis
derives asymptotic solutions for functionally graded material (FGM) thick plates with
geometrically induced stress singularities. The Reddy’s plate theory is used to establish the
equilibrium equations for FGM thick plates. Assuming the Young’s modulus varies along the
thickness and constant of Poisson’s ratio, the eigenfunction expansion method is employed to
the equilibrium equations in terms of displacement components for an asymptotic analysis in
the vicinity of a sharp corner. The characteristic equations for determining the stress
singularity order at the corner vertex and the corresponding corner functions are explicitly
given for different combinations of boundary conditions along the radial edges forming the
sharp corner. The non-homogeneous elasticity properties are present only in the characteristic
equations corresponding to boundary conditions involving simple support. Finally, the effects
of material non-homogeneity on the stress singularity orders are thoroughly examined by
showing the minimum real values of the roots of the characteristic equations varying with the
material properties and vertex angle.

Keywords: FGM thick plates, Stress singularities, Asymptotic solutions, Eigenfunction
expansion method
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1. Introduction

Functionally graded materials (FGMSs) were first produced in Japan in the mid-1980s (Niino and
Maeda, 1990). An FGM is a multi-phase material comprised of different material components,
such as ceramics and metals, that have various mixture ratios and microstructures. The gradual
variation in material composition rather than sharp interfaces, as in the case of multilayered systems
(i.e., laminated composites), significantly enhances the thermal and mechanical features of FGMs.
Furthermore, FGMs can be designed to meet particular requirements, such as enhanced stiffness,
toughness and resistance to corrosion, wear and high temperature, by using materials or material
systems with various properties. Consequently, in the last two decades, FGMs have been used in
numerous demanding engineering applications including military armor, thermal barrier coating for
turbine blades and internal combustion engines and machine tools.

An FGM plate can be designed with material properties that vary gradually in the thickness
direction, such that the plate is non-homogeneous in that direction only. A plate is a widely used
component in practical engineering, and has various shapes. A plate with a reentrant corner or
V-notch often shows stress singularities at the corner or vertex. These stress singularities must be
considered if analysis is to be of real use. Stress singularity behaviors in a problem must be properly
considered to obtain a convergent and accurate numerical solution (Leissa et al., 1993; Huang et al.,
2005).

Studies of stress singularities resulting from various boundary conditions in angular corners of
plates are limited to homogeneous plates or bi-material plates. Williams (1952a and 1952Db) first
showed the stress singularities of a thin plate under extension or bending due to various boundary
conditions. Based on plane elasticity or classical plate theory, several studies used various
approaches to investigate stress singularities at the interface corner of a bi-material plate (Hein and
Erdogan, 1971; Bogy, 1971; Rao, 1971; Gdoutos and Theocaris, 1975; Dempsey and Sinclair, 1981,
Ting and Chou, 1981). Burton and Sinclair (1986), Huang (2002a, 2002b, 2003, 2004), and McGee
et al. (2005) investigated the stress singularities at thick plate corners using different plate theories
or various analytical solution techniques. Based on three-dimensional elasticity, Bazant and
Estenssoro (1977), Kerr and Parihar (1977), Schmitz et al. (1993), and Glushkov et al. (1999)
applied different numerical solution techniques to investigate geometrically induced stress
singularities at a three-dimensional vertex of a homogenous body. Somaratna and Ting (1986) and
Ghahremani (1991) used a finite element approach to study stress singularities in anisotropic
materials and composites. Huang and Leissa (2006) developed three-dimensional corner
displacement functions for bodies of revolution.

Although geometrically induced stress singularities on an FGM plate have never been
investigated, crack-related problems in FGMs have been frequently studied using plane or
three-dimensional elasticity theory. Based on plane elasticity, Delale and Erdogan (1983) and
Erdogan (1985) employed integral equation techniques to solve crack problems with mechanical
loading, whereas Noda and Jin (1993) and Jin and Noda (1993) considered thermal loading.
Furthermore, Erdogan and his coworkers (1988, 1991) investigated interface crack problems in
bonded FGM plates. Using three-dimensional elasticity, Gu and Asaro (1997) applied an asymptotic
solution of crack tip stress and displacement fields for homogeneous materials to examine small
crack deflection in brittle FGMs. Gu et al. (1999), Rousseau and Tippur (2002), Kim and Paulino
(2002), and Jin and Dodds Jr (2004) applied different finite element techniques to solve various
crack problems. Chen et al. (2000) and Yue et al. (2003) utilized the mesh free Galerkin method and
boundary element approach, respectively, to solve various crack problems.

This work examines geometrically induced stress singularities for an FGM plate using Reddy’s
thick plate theory. The equilibrium equations in terms of displacement components on the
mid-plane are developed for an FGM thick plate. The in-plane displacement components are
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coupled with the out-of-plane displacement component in the equations due to the non-homogeneity
of an FGM. Asymptotic analysis of stress singularities in the vicinity of a sharp corner is carried out
using the eigenfunction expansion approach. By assuming constant Poisson’s ratio along the
thickness, the characteristic equations for determining orders of stress singularity at the sharp corner
are established for different sets of boundary conditions along the two radial edges forming the
corner. The asymptotic solutions for the displacement functions are also explicitly presented. The
effects of elasticity modulus variation along the thickness on stress singularity orders are thoroughly
examined. These results are the first shown in the published literature.

2. Basic formulation
Consider a thick wedge (or sector plate) (Fig.1). The wedge is composed of FGM with material
properties varying in the thickness direction (z direction). That is, the wedge is non-homogeneous
only in the thickness direction. The displacement field for the wedge with cylindrical coordinates
(Fig. 1), based on Reddy’s third-order plate theory, is given as

7(0,2) = o (1,0 + ey, (:0) - S C2 0, (.0) + . (O], (12)
v(r,0,2) =vo(r,0) + z[y 4 (r,0) —g(%)z(vfe (r,0) +%W,e(”, o)1, (1b)
w=w(r,0), (1c)

where u,v, and w are the displacement components in », €, and z directions, respectively; u,

vo, and w are the corresponding displacements on the mid-plane; y, and y,are the rotations of

the mid-plane normal in the radial and circumferential directions, respectively; the subscript “,;”
denotes partial differentials with respect to the independent variable ;. This displacement field Ieads
to zero shear stresses, o_. and o_,, on the plate top and bottom surfaces.

Introducing the following stress resultants

e e

Nﬂ 1

hi2
Mg =12088) 2 (92 (2b)
Pﬂ Z3
Nr@ 1

hi2
M, (= 4120r0y 2 (42 (2¢)
Pr@ Zs

where o; are stress components, and using the principle of stationary potential energy, one can

obtain the equilibrium equations without external loading (cf. Reddy, 1999)

Nr,r+Nr0,9/r+(Nr_N9)/r:O’ (3a)
NFH,V+NH,19/F+2NH9/FZO7 (Sb)
2 1 1 2 2 0, — 1—
ColPrr +—Prr + 5 Fo.00 = Fo.r +—Froro 5 Fro0)+ =~ : —+0r,+-00,0=0, (30)
r r

m,, + M Mo X570 -0, (3d)

r r r

rr



_ _ M _
iM@,g +Mr9,r + 2 _Qe =0, (38)
r r

4 4

Where Cl=3_2’ C2=_2'A7r9=Mr9_C1Pr9’ Mﬂ:Mﬂ_Clpﬂ' Qﬂ:Qﬂ_CZRﬂ’ h iS
h h

the thickness of plate and subscript £ denotes » or ©. In addition, the following boundary
conditions along @ =« should be specified:

Uy Of N,g, vg OF Ny, wg OF My, w, of M,,,
— 2 1 w9
w or QQ +C1(—Pr9+2Pr9,r+—P9’9),and — or Pg. (43.)
r r r

The circumferential boundary conditions (at »=R) should prescribe:

ug or N,, vg OF N,g,wyg OF M.y, v, OF M

— P P,
w or Qr+C1(—’+Pr,r+gP,,9,9——‘9),and w, or P.. (4b)
r r r

7

For an isotropic and elastic plate, the relationships between the stress resultants and
displacement components are established by using strain-displacement and stress-strain
relationships. They are,

N, = %“0 + Equg,, +%Vo,9 —CleW,r ~CE3w,, Ci—l}w,ee

+%(51 ~CiDy)y, +(Ey —~ CiE3)y,., +%(51 —C1D3)ypp (5a)
Ng = %”0 + Doutg,, +%Vo,a - ClrE3 w, —CiD3w,, fg W 09

+%(El ~CE3)y, +(Dy—CiD3)y, +%(El ~CE3)Wpp (5b)
Nyg = %uo,e —%vo + (_?ovo,r + 261:12(;3 We — ZCiG3 W9

+((_;1_Cl(_;3)(%(l//r,9_V/H)+l//0,r) ’ (5¢)
0, =(Gy —CoG)w, +w,.) - (5d)
Qg = (Go — C2,Gy) (v +%W,e) ’ (5e)
R, = (G, ~CoGy)y, +w,) - (5)
Ry =(Gy = C3Gy) +%W,9) ’ (59)
M, = %“0 + Eyug,, +%V0,9 _GDy w, = CLE4w,, Ci—l?“'w,ee

1 o 1
+;(D2 —CiDy)y, +(Ey —CiEy)y,, +;(D2 —CiDg)ygyp (5h)

E. — E, C.E
My =="2uy+Dug, +—2vyy———1
r r

— C,E,
W, =CDgw === W gy
r
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1 - 1 .
+—(Ez —CE)y, +(Dy —CiDy)y,. . +;(E2 —CiEg)Wgg (5i)

G, G, 2C,G, 2C,G,
Mg =—tugg——vo +Gyg, + 5wy =W g
r v r
_ _ 1 .
+(G, _C1G4)(;(V/r,9_l//n9)+lr//n9,r) ’ (5))
D. — D C,D, _ C,D
P, =—2ug + Egug, +—>vg g ———2w, = CiE4w,, =" w g
r r r
1 _ 1 -
+;(D4 —CiDg)y, +(Eq —CiEg)y, , +;(D4 —CiDg)pp ° (5k)
E. — E. C{E, — C, E
Py =—2ug+Daug, +—>vg g ———2w, —CiDgw,,, ——5>w gg
r r r
1,- - _ 1 -
+—(E4 —CE)y, +(Dy —CiDg)y ., +;(E4 —CiEg)ygp (51)
Gy Gy 2c1c_;6 2C, Gy
Pg=—2ugg ——>vg+Gyvg, +—5"wg — W,
r r . r
_ 1
+(Gy —ClGe)(;(%,e —Wo)tWy,) (5m)
where
hil2 . - hil2 A - hil2 UE .
= IGZ’dZ K = j >z'dz » D, = I >z'dz (5n)
—h/2 pd-v g,1-v

and G, E, and v are shear modulus, modulus of elasticity, and Poisson’s ratio, respectively, all of
which can be functions of z. Since the variation range of Poisson’s ratio is small and the stress
singularity order at the interface corner in a bi-material isotropic plate is not sensitive to Poisson’s
ratio (Huang, 2002a), the Poisson’s ratio is assumed constant through the thickness in the following.

Then, D;, E;,and G; defined in Eq. (5n) satisfy the following relations:
1-v
IE, ©

Substituting Eqgs. (5a-5m) and (6) into Eqgs. (3a-3e) yields the equilibrium equations for
displacement functions as

D; =vE; and G; =

E, (——+ for +u +1_—Uu —3_Uv +1+Uv )
0 2", 0,7 9,2 0,00 02 00 75 T V0r0
7 W W 3+v o z\Vr Y
+C1E3( 2F e _W,rrr + 3 W,HH I” )+(E1 ClES)( ; + - +Wr,rr
r r 2r 72 r
1-v 3-v 1+v
+—— - e 0> 7a
2 Voo = Voot Vo,0) = (7)
l+ov 1-v 1-v 1-v V0,00
E O top+—22u ———Vot+—Vo, +t—Vg,p +——
0( 0,0 2, 0,76 2}”2 0 2 0,r 2 0,rr 2 )
9 1+v 999 1+v
+CiE3(~ r ~ =W ——5 )+ (EL - C1E3)( ¥ VotV
2 2r e 2r



1-v 1-v 1-v V0,00
- 22 Vo + o Yo, +TW9,W +—2)=0 ’ (7b)
r r
C.E (”o Vo0 _Hor *Voro . 2Ug,ry +V0,1rg N 40,09 t V0,000 “o,rea)
v 3 72 r Hosrr 3 r2
- W, W 4w 2w 2w w 2w
+C12E6 (_ 7 " ,;r _ ;19«9 + ,;99 _ ST ,9?190 _ ,r2r€t9 _W,rrrr)
r r r r r r r
1-v Yo.0
+_(E0 _2C2E2 +C2 T %—Hﬂhr +T)
_ _ + +
+(CEy - C12E6)( r ;//9,9 B '//r,r ZWe,re LYoo 3‘/9,999
r r r
2 +
+ l//r,rr - l//H,WH Wr,;@& 4 V/r,rn«) -0 > (7C)
r
— — u, U, 1-v 3-v 1+v
(£, - ClEs)(_r_g + % T Uy, + ?“o,e@ T2 Voo T+ > Voe)
_ — Wl W, 2W’99 Wl 06
+(C1E4 _C].ZEG)( ; - rVV + 3 ~Worr _;2)
r r r
1 _ _
~ By~ 2GE, + GE)(w, +y,) +
= = 25 v, VY,.r 1-v 3-v 1+ov
(Ey —2C1Ey + CUEg)(—— + :r F 2 Voo Ve = 5 V00 t= Ver0) =0 (10)
r r r
l+ov 1-v,vg Vo, V0,600
(E; C1E3)( uoe T oo — (v ,) +—50)
r 2 v r 4

= = Vo Weee Wroy 1-v = = =y Vo
—(clE4—CEEe)( gt ) = (B =20,y + C3Ey)(—=+v)

r r r
1+v 1-v
+(Ep ~ 2C1E4+C1E6)( 2%9 5, Vo =5 Vo
r 2r
+1‘”w9,.+‘”“"+1—“ V) =0 (7¢)
2r ’ r 2

Apparently, the in-plane displacement components uq and v, are coupled with out-of-plane
displacement w in the mid-plane.

3. Asymptotic solutions
The eigenfunction expansion approach proposed by Hartranft and Sih (1969) for
three-dimensional elasticity problems is adopted herein to find the solution of Eqgs. (7a-7e). The
displacement components can be expressed in terms of the following series

1 (1, 0) =Y UO0,2)  v(r0) =YY O0,4)

i=0 n=0 i=0 n=0
W(I", 9) — er/h+n+1Wn(i) (9’ /*i/l) vy, (7', 9) — erlﬁn\yn(i) (0’ ﬂ,) y
i=0 n=0 i=0 n=0



wo(r,0) =3 Sri oW (g, » ©8)
i=0n=0

where the characteristic values 4, are assumed to be constants and can be complex numbers.

The real part of A4; must exceed zero to satisfy the regularity conditions at the vertex of the
sector plate. The regularity conditions require that uy, vy, wg, v,, wand w, are finite as r
approaches zero. As a result, the solution form given in Eq. (8) with the real part of 4, less than one
leads to singularities of N,, Ny, N, M, My, M,y,P., P, and P.,, which is observed from

the relationships between stress resultants and displacement components given in Egs. (5a-5m).
However, no singularity for shear forces (Q, and Qy), R, and R, will be produced from the

solution.

Substituting Eg. (8) into Egs. (7a-7e) and considering those solutions corresponding to the lowest
order of », which dominate the stress singularity features at the neighborhood of »=0, yield

Eo[-1+ 4+ 4,(1, 1)U + 1T“E0Ugf)99+( 320 “T“/l onVo(fg

+C,E; [ﬂi +1-4, (/11' +1)_ (ﬂ“i +1)/1i (/11' _1)] Wo(i) +C,E; [2 - (/11' +1)] Wo(,lga

+(E, - CE, )[4, -1+ 2,(4, —1)] ¥ + (E, - C1E3)1 Cyl,
+(F?1—C11?3)( —3ZU —1;Uﬂj o), =0, (9a)
50(3;“+1+T“ziJugf)9+E 17[4 ~14 2, (4 )]V + B D,

= ~ 3- 1+ -
+CyEa[- (4 +1)-24;(4,; +1)] Wo(,g - C1E3Wo( Do0 + (Ex C1E3{ > v 20 A j LP(%

+(E; - 1y )— 7 =1+ 2 (2 ~D] @ + (B, - C1Eg ) 0y, =0, (9b)
C1E5(4; -1)% (4, +1)U(’) +CE5 (4 +) U, - C P Eg (2 + )2 (4, ~)2w )

+ O Egl-4+2(4; +1)-22,(4 + )W)y ~ CPEW D pno

- (0154 = 01256)(/1,. -1)% (4, + )Y (0154 ~C,%Eq X/I. +1)¥ 90"

HGE - 2F )4 ~020, + (1, - 02 E )4 00 =0, (%)

_ _ 1-v
(B, - CLE3) (2 —1)(4; +)U {7 + (E,- 1 E5)U ),

= = 3-v 1+v i = = i
+(E —clE3{ 22, j V- (CiEy - O 2Fs ) (4 +1)2 (4~

HCiBy - O 2Fs |1 2,) W8, +(By ~2G s + G2 Es ) (3 +D( —) e

+(E, -2¢,E, + C2E, 1TU‘P(§%H+( 32” 1;”@@5{)&):0, (9d)
= =\(3-v 1+v 0 (= =\1-v ()
(B - CiFa)| =5+ =52 UGy + (B = G (3 + D04 -
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+(E-GE)V, | CE, ~G?Es)  +0 W)~ CE, ~G7E, ),

(EZ _2C,E, + G E6I3 v “T”/ll wli)
( ) 1-v 1-v () @)
+B, ~2G, By + G [(—— /L )Dy” + Dl =0. (%)

Equations (9) are a set of Ilnear dlfferentlal equations with constant coefficients. Following a
typical procedure for solving a set of linear differential equations, the general solutions for

U, v and wi  are obtained as

U6, 2) = 4, cos(4, +1)0 + 4, Sin(4, +1)0 + 45 cos(2, —1)0+ 4, sin(4, ~1)6, (10a)
V0, &) = Ay cos(A; +1)0 — 4, sin(, +1)0+ [, 4, -, B, )cos(4, ~1)8
+lory Ay, By Jsin(A, D)0, (10b)
Wi (0, 4,) = B, cos(4, +1)0 + B, sin(4, +1)0 + B, cos(4, —1)0+ B, sin(4, —1)6, (10c)
w{(0,1,) = D, cos(4, +1)0 + D, sin(4, +1)0 + D, cos(4, —1)0+ D, sin(1, —=1)6, (10d)
0 (0, 4,) = D, cos(A; +1)@ — D, sin(4, +1)0 + [k, D, — &, B, Jcos(4, ~1)0
+ (&, Dy + 1, B, Jsin(4, ~1)8, (10e)
where Mi:3+%—u+ﬂy

~3+ A, +v+A0
8@%@%E¥*%E£;+Eﬂji+cﬂ%»

Ky, =— and
-3+ A4 +v+ v
3 .

-3+ 4 +uv+Av

Coefficients 4;, Bi and D; (i=1, 2, 3, 4) and A; are to be determined from boundary conditions
along the radial edges. Notably, the extension and bending of a plate will be independent when E;
and E; equal zero.

4. Boundary conditions, characteristic equations and corner functions
After solving the equilibrium equations, attention is now turned to find out 4;, B; Djand A, in
the solutions from the boundary conditions along the radial edges forming a corner. To determine
Williams type stress singularities at the vertex of a sector plate caused by homogeneous boundary
conditions, one only needs the asymptotic solution with the lowest order of » in the series solution
of Eq.(8). Consequently, only the solution with »=0 in Eq. (8) needs to be considered. Let,

u(()m) _ r/lmU(gm) (9,/1,"), vém) = pm Vo(m) (giﬁm)
S = @™ (0,4,), v =™ 0,4,), and wl™ =™ ©@,2,)  (11)

Furthermore, as well known, the stress singularities are affected by the boundary conditions along
radial edges only.

In the following, we will consider four types of homogeneous boundary conditions along a
-7-



radial edge, say 6=« , namely,

w

clamped: uy =vy=w=vy, =y, :7"9:0, (12a)
free: N,y=N,=M,=M,, =0, +C, (%P,,Q +2P,, +%ng9) =P, =0, (12b)
type | simply supported: uy, =vy=w=w, =M, =P, =0, (12c)
type 11 simply supported: u, =vy=w=M,=M,, =P, =0, (12d)

For the simplicity, C and F are used to present the clamped and free boundary conditions,
respectively, while S(I) and S(I1) denote type | and type Il simply supported boundary conditions.

For the sake of demonstration, we will describe the procedure for obtaining the characteristic
equation for 4,,, and the corresponding asymptotic displacement field for describing the singular

behavior of stress resultants in the vicinity of a corner. A wedge with simply supported radial edges
and a vertex angle « is utilized to demonstrate a typical procedure for deriving these coefficients
and A. S(I) boundary conditions simulate the mechanical support of a knife-edge along the
mid-plane. By taking advantage of the problem’s symmetry, the solutions given in Eq. (11) are
separated into symmetric and anti-symmetric parts. The symmetric solutions satisfying the
boundary conditions yield

A cos(A,, +1)% + Ay cos(A,, —1)% =0,
. a . a
— A4y sin(4,, +1)E+( K143 KyB3)sin(A,, —1)5 =0,
By cos(4,, +1)% + B3 cos(4,, —1)% =0, Djcos(4, +l)% + D5 cos(4,, —1)% =0,
(A, +1f~4 E; + D (=E, + CLE,) + B,C1E4 (4,, +1}}cos(4,, +1)%
— — — — — — a
(A, +1f~4y E5+ Dy(—E4 + C Eg) + B,C, Eg (4, +1)}cos(4,, + 1)%

(13)
Equations (13) are a set of six linear algebraic equations for 4;, B; and D; (i=1 and 3). To have
nontrivial solutions for these coefficients yields a 6™ order determinant equal to zero, which leads to

cos(4,, + 1)% =0, cos(4, —1)% =0, (14a)
or A, sina+sind,a=0 (14b)
where 7, = % s By = CF s (chyFy + 204 k) Ea) 4 1y Ey(Fs — CyEg) + Ey (i, By + 26, (14 1) Ey)].
2

%y =[C1E4 (K25 + 2(-1+ K1), E4) — x5 Ey (Ey — C,Eg) — Eo(~kE5 + 2Cy (-1+ &) 4, Eg) .
When A, satisfiescos(4,, +1)% =0 and cos(4,, —1)% #0, the relations among 4; , B; and

-8-



D (i=1 and 3) are obtained from Eq. (13). Then, the corresponding asymptotic solutions are

wi™ = Byr*nteos(4,, +1)0}, v = Dt { cos(4,, +1)0} , ) = Dyt {=sin(2,, +1)0}.
(15)

The asymptotic solutions for «{™and v{" have the order of r larger than 4,, and do not cause

stress singularities. These asymptotic solutions given in Eq. (15) are also called corner functions

corresponding to the characteristic equation cos(ﬂm +1)%=0. The asymptotic solutions for

in-plane and out-of-plane displacement components on the mid-plane are independent.
Similarly, one can find the corner functions corresponding to different characteristic equations

(i.e., cos(4,, —1)%:0 or 7, A, sina+sin A, =0in Eqgs. (14)), which are listed in Table 1.

Notably, cos(4,, —1)2 =0 and cos(4, +1)< > * 0 yields the asymptotic solution for v{"™ with

the order of r larger than A,,, which is not given in Table 1.

Using the anti-symmetric parts of solutions in Eq. (11) and following the procedure above, the
following characteristic equations are easily established:

(sin(4,, +l)%)(sin(/1m —1)%) -0, (16a)
or
sind,a—y1 4, sina=0. (16b)
The corner functions corresponding to these characteristic equations are also given in Table 1.
Notably, (sm /1 +1 0/) 0 and (sm —1 0/) #0also yield the asymptotic solutions

for u{™ and v{" having the order of r larger than A, , while (sin(4, —1) 0/) 0 and

(sin(/lm +1)%) # 0 gives the asymptotic solution for vé’") with the order of » larger than 4,,.
These asymptotic solutions do not yield stress singularities and are not listed in Table 1.
Characteristic Egs.(14a) and (16a) do not involve material properties, and are identical to the
characteristic equations for a homogeneous thick sectorial plate with two simply supported radial
edges under bending. However, material properties are involved in the characteristic equations
Egs.(14b) and (16b).
By following the procedure given above, one can develop the characteristic equations for A,

and the corresponding corner functions for different boundary conditions along radial edges. Table
2 summarizes the characteristic equations for A, for eight different combinations of boundary

conditions. To take advantage of the problem’s symmetry, the corner functions for the identical
boundary conditions along two radial edges were determined by considering the range,
—al2<0<al2. Table 1 summarizes the corner functions for S(1)_S(I), S(I1)_S(I1), C_C and
F-F, which are already considerably complicated. The corner functions corresponding to other
boundary conditions are too lengthy and complicated to be given in Table 1. These results given in
Tables 1 and 2 are the first shown in the published literature.

Notably, Table 2 does not list the characteristic equations for S(I)_F and S(II)_F boundary
conditions because they are much more complicated and lengthy than those given in Table 2. To
find the values of 4,, for these boundary conditions, it is suggested to determine them directly from

solving the zeros of the 12" order determinant established from S(I)_F or S(II)_F boundary
conditions.
Table 2 reveals that the characteristic equations corresponding to the boundary conditions
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without involving S(1) or S(I1) condition are identical to the combination of the characteristic
equations for homogeneous plates under bending and extension (Williams (1952a), Huang (2002)).
The non-homogeneity considered here does not influence the stress singularity orders at the corner
of a plate if one of the two radial edges around the corner is not simply supported. However, Table 1
shows that most of the asymptotic solutions for the in-plane and out-of-plane displacement
components on the mid-plane are coupled and are significantly different from those for
homogenous plates.

5. Numerical results for 4,

To demonstrate the effects of material non-homogeneity on stress singularity orders, a typical
non-homogeneity is considered, assuming the variations of the Young’s modulus through the
thickness of plate given as

E(z)=E, +V(2)AE , 7)

where V(z) =(z/h+1/2)". Consequently, the roots of the characteristic equations corresponding
to boundary conditions involving simple support (see Table 2) depend on m, v and AE/E,. The

Poisson’s ratio is set equal to 0.3 for the results shown below.
Figure 2 depicts the variation of the minimum real parts of A, (Re[A4], the subscript m is

omitted for simplicity) with the material properties and the vertex angle of a wedge having S(I)_S(I)
boundary conditions along radial edges. The roots of Egs. (14a), (14b), (16a), and (16b) were
obtained independently. An infinite number of roots exist for each of these equations. Only the root
with a minimum real part is important as it determines the stress singularity order at the vertex. The
minimum values of Re[ 4] obtained from Eq. (14a), independent of material properties, are smaller
than those for Eq. (14b) for a wide range of material properties when minimum Re[ 2] is less than
unity. Similarly, minimum values of Re[ 4] determined from Eq.(16a) are less than those for Eq.
(16b) with different material properties. As a result, the singularity order of the stress resultants at a
sharp corner with S(I)_S(I) edges is very likely determined by Eq. (14a) or (16a), independent of
material properties.

Figures 3and 4 illustrate the effects of material non-homogeneity on the minimum values of
Re[ 4] of the characteristic equations corresponding to S(I)_S(Il) and S(I)_C boundary conditions,
respectively. Since the characteristic equation involving material non-homogeneity for S(I1)_C
boundary conditions is the same as that for S(1)_C boundary conditions, Fig. 4 also illustrates the
minimum values of Re[ 4] of the characteristic equations for S(I1)_C boundary conditions. Table 2
reveals that characteristic equations without involving material non-homogeneity were found for
S()_S(I1), S(I)_C and S(I1)_C boundary conditions. These characteristic equations are also found
for homogeneous plates under bending (Huang (2002)). The results denoted as “homogenous” in
Figs. 3 and 4 are the minimum values of Re[ 4] for these characteristic equations without involving
material non-homogeneity. The material non-homogeneity considered in these figures does not
significantly affect the stress singularity order at the vertex. The stress singularity order is mainly
determined by the roots of the characteristic equations corresponding to a homogeneous plate under
bending.

Figures 5 and 6 demonstrate the effects of material non-homogeneity on the minimum values of
Re[ 4] of the characteristic equations corresponding to S(I)_F and S(II)_F boundary conditions,
respectively. The roots of A, were determined from the zeros of the 12" order determinant

established based on S(I)_F or S(II)_F boundary conditions. It was revealed that no root of 4, is

identical to that obtained from the characteristic equations for a homogenous. Figures 5 and 6
explore that material non-homogeneity significantly affects the stress singularity order at a corner
with S(I)_F or S(I1)_F boundary conditions along the two edges forming the corner.
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6. Concluding remarks

This study has developed the equilibrium equations in terms of displacement functions for an
FGM thick plate based on Reddy’s plate theory and established the asymptotic displacement field to
describe the singular behaviors of stress resultants in the vicinity of a sharp corner. The asymptotic
solutions were obtained using the eigenfunction expansion method and assuming non-homogeneous
Young’s modulus and constant Poisson ratio along plate thickness. This work has also established
the characteristic equations for determining stress singularity orders at the vertex of the corner with
different boundary condition combinations. These asymptotic solutions and characteristic equations
are the first given in the literature. Only the characteristic equations corresponding to boundary
conditions involving simple support depend on material non-homogeneity. Nevertheless, regardless
of the boundary conditions considered, the asymptotic solutions of in-plane and out-of-plane
displacement components on the mid-plane are usually coupled.

In examining how material non-homogeneity affects stress singularity orders, this work
considered the non-homogeneous Young’s modulus following a power law. The present study
considered S(I)_S(I), S()_S(1I), S(I)_C, S(1I)_C, S(I)_F and S(I1)_F boundary conditions along the
radial edges of a sector plate. The material non-homogeneity considered in the work does not
significantly affect the stress singularity order at the vertex when S(I)_S(I), S(I)_S(Il), S(I)_C,
S(I1)_C boundary conditions are considered. The stress singularity order is mainly determined by
the roots of the characteristic equations corresponding to a homogeneous plate under bending.
However, the material non-homogeneity does significantly affect the stress singularity order at a
corner with S(I)_F or S(11)_F boundary conditions along the two edges forming the corner..

The corner functions shown here will be utilized in future FGM plate studies involving
geometrically induced stress singularities to determine accurate free vibration frequencies and mode
shapes of thick plates having such boundary discontinuities. Because other corner functions have
been used advantageously for vibration studies of homogeneous plates (Huang et al., 2005), the
present corner functions are definitely appropriate for FGM thick plate vibration problems. These
corner functions can also be used for static stress and deformation analysis, especially for
determining the stress intensity factors for a V-notch or a crack.
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Table 1 Corner functions corresponding to symmetrical boundary conditions

Boundary Corner functions
conditions
(1) Symmetrical case
When cos(2, ~1)%, =0,
ul™ = 47 {cos(4, —1)0}, w = Asri”'ﬂ{ 51 cos(4,, —1)«9},
K,
y" =r*{D,cos(4, -1)0} , w" =r* { (— K, Dy + K3 A, %}sin(ﬁm —1)0} .
2
When cos(2, +1)%, =0,
W = B feos(a, +18), ¥ =D cos(4, +1)6}
S()- S(1) l//i:') =Dy {—Sin(ﬂ,m +1)6?}.
(_%Sesg) When j, 4, sina+sind,a =0,

cos(4, —1)¢
ul™ = Ay [ / ]cos (4, +1)0 +cos(4,, 1)6?},

cos(4,, +1) 0/

cos —1 o
P = g {—/]sm(/l +1)0+(= &, + 15,77, )sin(2,, 1)9},

’ cos A +1 0/
cos —1 Q
wi™ = A, / cos(4,, +1)8 +cos(4,, —1)8 |},
° cos(4,, +1 0/
cos —1 24
™ = 4 7, / cos(4, —1)@ +cos(A, +1)0 |} ,
" cos ﬂ +1 0/

cosS /1 —1 a
' =AM 7, —/ sin(4,, +1)0 +(- k77, + x577, )sin(4,, = 1)0 ¢,
0 cos ;t +1 0/
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Table 1 (Continued)

S()- s(1)
(—% <0< %)

where

7 =Alsy (4, ~DE, + Gk, 44, - x34,) E,] [k —cotl(4, =124 ]tan[(4, + 1) 2)]]
+ 1B [L+ 4, — (4, —1)cot[(4, —1)%4]tan[(4, +1)@5)1I}
/L, =D~ 2,)(E, - CE],

7, :K—{Kl—cot[ ~1) 0/]tan[/1 +1) 0/]}

2

(2) Anti-symmetrical case

When sm 0/ 0,

ug’") = A, {sin(4,, —1)8}, wg'") = AAVA’”H{ﬂ
K>

sin(4,, —1)9} :

y" =r*{D,sin(4, -1)8} , y" =" { (K1D4 — K34, ﬂ} cos(4,, —1)9} :
0 60 ](‘2

When sin(4, +1)%/ =0,

5=
w = B, sin(4, +1)0), w" =Dy {sin(4, +1)9}
y" = D,r* {cos(4, +1)0}.
When sinA a-y, 4, sina=0,
) sin(4,, —1)%
sin(4,, +1)%,
) sin(4,, —1)%
sin(4,, +1)%

sin(4, -1)&
ng) = A’ +1{,73[[ /Jsm (4, +1)6 +sin(4, 1)9]}1

ul™ = A, sin(4,, +1)0 +sin(4,, 1)49},

cos(4,, +1)8 + (x; — x,77; )cos(4,, — 1)6’} ,
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Table 1(Continued)

smi +10/

sin(4, -1
'™ = A, | - @, )/ cos(4,, +1)8 Hx,7, — k477, )cos(A, —1)@ ¢,
. sin(4, +1) 0/

7 = Kiz{,cl ~cot(4, +1)@4]tan[(2, ~1)%41}.

sin(4,, —1)%
l//f:i) :A4r}~m 771[{ /]an /1 +1 0+S|n(/1 1)0]} ’

where

(1) Symmetrical case
When cos(4, —1)% =0 and cos(4, +1)% =0, the corresponding corner functions

are the same as those for S(1)_ S(1).
When 7, 4, sina+sin4,a=0 or A sina+sind,a=0,

cos(4, —1)
U™ = g {[ - / }cos (4, +1)0 +cos(4, 1)6’} :

cos(4, +1)%,
cos(4,, —1)%
Mm:%ﬂ"—————Jismu-HW+(q+@@ﬁﬂ%—ﬂ0,
S(I-s(11) : cos(4, +1)%
(04 o
(=5=0<3) cos(4 —1)0/
w™ = AN, cos(4, +1)0 +cos(4, —1)8 |},
' cos(4,, +1)0/
1 cos(4, —1) /
) = gy ] - 1 Aoy + 4, 0)7
l//ro 3l 1 (Ul)[ COS(/lm +1 / ( +Kl KA, + mU)US)
cos(4, —1)9— 17, cos(4,, +1)8},
1 cos(4, —1)&
(m) — gy 2 l+x,—xA +A U
l//go 3V ﬂ,m(l)l){ COS/I 1 QZJ ( 1 17"m 'm ))

sin(4,, +1)0 77, + x577, )sin(4,, —1)6},
where
K, (-1+A,)E, (1+/1 )E, C(l+/1 )? E4772
" E,—-CE, E-CE, (-E,+CE,)

4

1, =
—12 (14 2)[kE, +k.E, +C(-1—x.+ A )E,],
(E2 —C1E4)( m)[ 21 32 l( 3 m) 4]
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Table 1(Continued)

Ty = {(-1+ 2, )1+ O)(E, — C,Ey)(E, — C,E,) cos[(L+ 2, 51sinf(-1+ 4,,) %]
+ 26, (-1+ 4, ) E|[E, + Cy (-2E, + C,Eg)]cos[(-1+ 4, ) 5 Isin[(1+ 4,,) %]
— @+ 2,){C,(-1+v)E;(-E, + C,E})
+ B[+ 0)E, + Cy(-(3+ V) E, + 2, Eg)Ycos[(-1+ 4, ) 24 ]sinl(L+ 4,,) 2/5]
— 1, {{2C, A+ 2, ){(-1+ v)(E, — C,E,)(E, — C,Eq)
— 1+ 2,)E,[E, + C,(-2E, + C,E)I}cos[(-1+ 2,) Y5 sin[(L+ 4,) %]
+(-1+ A4 ){(-1+v)(E, - C,E,)
S(I)-S(1) {-K3E, + Ci[2(U+ k) E, — Cy (2 + k) Eg Tycos[L+ 2, ) F4]sinl(-1+ 4,) %]
(5505 | Lo, By 4 xyFy 4 Cy(-Lt Ky 4 4, )EA NI, + Cy(2F, + CuEy)]
cos[(-1+ 4 )0/]sm[(1+;t )0/]}}}}/ (E, - C,E,)E, + C,(-2E, + C,E,))

[(1+5)(-1+ A, )(-1+v)cos[(A+ 4,) ZIsin[(~1+ 4,) %] -
2L+ K, ~ K, + 4,0)COS[(-L1+ 2,) 24 1sin[(L+ 2,) 2411},
(2) Anti-symmetrical case
When sin(4,, —1)% =0 and sin(1, +1)% =0, the corresponding corner functions

are the same as those for S(I)_ S(I).
When A, sina—sind,a=0 or sini a-y, 2, sina=0,

in(4, —1)&
u™ = A _S_m('"—)z sin(4,, +1)8 +sin(A,, —1)6’},
° sin(4, +1)%,
in(4, —-1)&
Y = g,y _s?n( " )A cos(4,, +1)8 + (x, — x,77;, )cos(4,, —1)8 ¢,
sin(4,, +1)%
sinls, 1
M) _ g it _
A 77[[ i +1)/Jsm/1 +1)0 +sin(4,, 1)0]}
o 1 [sin(4, )/ ) B N
A NCE 1)[sm( +1)2 (75 - W+ &, =14, + 4,007, Jsin(4,, +1)0

—7,sin(4, -1)8},
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Table 1(Continued)

S(I)-s(1)
(—% <0< %)

) _ 1 Sin(lm —1)%

p" = At - : (77, — (1+ &, — 1,4, + A, 0)77; )cos(A,, +1)0
! { 1m(ul)[sm(/1m+1)%J ° S !

+(_ Klﬁ7 - K3ﬁ3)COS(/1m - 1)0}’
where

a1+ A4)E | A+ 4,)E | G+ 4,) E

E,-CE, E,-CE, (-E,+CkE,)
T
(E, - C,Ey)
77 = -{— 26, (-1+ A, E,[E, + C,(—2E, + C,E5)]cos[(L+ A,,) %]Sin[(—l+ ) %]
+ 1+ 2, H{C (-1+V)E;(-E, + CLE,)
+ B[+ 0)E, + Cy(-(3+ 0)Ey + 2C, Eg)]}cos[(1+ 4,,) Y5 Isin[(-1+ 4,,) %]
+ (<14 2, )1+ O)(E, - O,y )(-E, + C,E, ) cos[(-1+ 4,,) @4 sin[(1+ ,) 4]
— 7. {{2(-1+ A )[K,E, + k,E, + C,(-1— K5 + 1, )E,]
[E, + C,(~2E, + C,E,)]cos[(1+ 4,) %]sin[(—l +1,) %] —2C,(1+4,)
[(-1+v)(E, - CE)-E,+CE))+(+ A, )E,(E, + C,(-2E, + C,E}))]
cos[(1+ 2,) Y lsin[(~1+ 4,) %]+ (1= A, )(~1+ v)(E, - CE,)
— 163E, + Cy[2(1+ K3)E, — Cy(2 + 1y Eg Ty cos[(~1+ 4,) @ ]sin[(L+ zm)%]}}
/ (E, - CEIE, + C,(-2E, + C,E)H2(L+ &, — 6,4, + 4,0)
cos[(1+ 4,) Z41sinl(~1+ 4,) %/5] -
(L+ 1) (<14 2, )(~1+ v) cos[(~1+ 4,) @4 ]sin[(L+ 4,,) %]}}

S|
(2]

(—1+ A,)[K,E; + k3E, + Cy (11— x5 + A,)E, ],
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Table 1(Continued)

(1) Symmetrical case
When 2 (-1+v)sina+(3+v)sind,a=0 or A, sina+sinid,a=0,

Tho'ls

u™ = D™ (—
sin(4, +1)%,

(sina+sin 4, a)} cos(4,, +1)0 -7, cos(4,, — 1)9} :

(sina +sin ﬂma)}sin(ﬂm +1)0

v = Dy [ﬁ
{_ e %jsin(zm —1)9},
W) = Dgrﬂmﬂ{ﬁg o {COS . / ]cos (4, +1)0
0 C, (4, +1)| cos(4 /
_ﬁcos( —1)«9]}

-y O/ J cos(4,, —1)0 +cos(4,, + 1)«9} ,

0 _ cos(4
W =Dy’
° ’ cos /1 +1 0/

ﬁl [M}in(/lm +1)8 +

°| cos(,, +1)%

ﬁ}sin(ﬂm —1).9},

where
7, = Eﬁ__s — Cl%_4 +__1(__E4 + CI_EG))
1By —CES + E, (_E4 + ClEG))
o= E’ - 2C11:_“1_E3_ + cfEizz— Eﬁ (Ei - 2C1§_4 +CE,))
(_E1E3 +GES + E, (E4 - ClEG))
_ (B3+4,0-)+0)
o= ) o-1)
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Table 1(Continued)

(2) Anti-symmetrical case
When -1 (-1+v)sina+(3+v)sinA,a=0 or -4 sina+sinl, a=0,
u™ =Dy | — 'l (sing —sinA ) [sin(4, +1)0-7,sin(1, -1)0t,

: sin(4, +1)2/

v = Dy — Tl (sing —sin A a) |cos(4 +1)0

sin(4,, +1)%,
. (_ . L)] cos(4, 1)9} ,

c, (4, +1

m

i = sin(4, —1)%
aF F " wi = D, ”{ﬁg[c(zm 1)[ 0 lé}smz +1)0
LA 5@ +1)| sin(4,, +
( 2 2)
1
. R -1)8
e
sin(4, —1)&
(//f;n) =l)47'lm _ﬁlo . ( - )c? Sin(ﬂm—‘_l)e'i_sm(iml)e}’
S|n(im+1)4
sin(4, —-1)&
W:zz) =D4I”}“'” — Tho| — ( - )C? COS(/Atm+1)l9
S|n(/1m+1)é
B
A, —=1)0+,
{n-steg o)
(1) Symmetrical case
When 4 (1+v)sina+(-3+v)sini,a=0 or A,sina+sind, a=0,
cos(4, —1)%
u(’”):Dsrlm K / cos/l +1)¢9+cos(ﬂ 1)6’ )
K, cos/1 +1 0/
cos(4, —1)%
) = p e 1 K2 —) sin(4,, +1)6 + (= x, + x,77,)sin(4,, —1)8 |,
] ’ cos(4,, +1)0/
_Z <&
5=0=3)

cos(4,, —1)&
W) Dgri,,,+l{’<2 7, H (4, /}cos (4, +1)0 +cos(4, 1)49]},

Table 1(Continued)
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cos(4, —1) 0/
~cos(2, +1) 0/

=Dy

} cos(4, —1)8 +cos(4,, + 1)19} :

cos(4, —1)&
y " =Dyt (m—%}in(im +1)8 +— x, + x,77, )sin(A,, 1)9},

cos(A,, + 1)%

(2) Anti-symmetrical case
When 2 (1+v)sina—(-3+v)sin4,a=0 or —4, sina+sin4,a=0,

[ sin(2, -1)
u™ =D, 52 _M sin(4,, +1)8 +sin(2,, -1)8 |},
° K| sin(z, +1)%,
[ sin(2, 1)@
v :D4”lm = _(m—% COS(/lm +1)0+(K1 _Kzﬁs)cos(/?“m _1)9 '
° K[| sin(4, +1)%

sin(A —1)&
O s X | @, )/ sin(4,, +1)8 +sin(4,, -1)0 |,
° sm /1 +1 0/

sin(4 —105
y" =D { @, /]smﬂ +1)8+sin(4,, 1)9},

m—;} cos(4,, +1)0 + (x, — x,77; )cos(4,, — 1)49}
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Table 2 Characteristic equations

Boundary Characteristic equations
conditions
Symmetry:
cosa+cosA,a=0"; 7 A, sina+sind,a=0;
S(1)-S(1) | wherej, =1 ;
K>

Ky = [_ CE,(~k,E; +2(1+ 5,)E,) + 5, B (E, — CEg) + E, (—x,E5 + 2C1(1+K1)E6)];

Ry = [C1E4 (~xpEs +2(-1+ k) AEy) -, Ey (Ey — CyEg) — By (~x By + 2Cy (~1+ k) AEg)];

Antisymmetry:

cosa—cosda =0"; sin Apt —y1 Asina =0
Symmetry:
cosa+CcosA,a=0"; A, sina+sini,a=0;
S(11)-S(11) 1A, Sina+sin A, a=0;
Antisymmetry:
cosa—cosA,a=0"; A,sina—sini,a=0";
sind,,a—-y; 4, sina=0
cos2a —c0s24,,a =0"; A,,sin2a -sin24,a=0";
7, A2 sin? a+sin? 4,0 =0;
wherey, = ? ,
K,
S(I)'S(”) — TT T = T\L T 2072 T\, 72 =2 T 272
iy = [2CE,ELE,((3+ V)E, — 2C,Eg) + E,° (2E;” — (L+ 0) EyEg) + Ey* (—(v —1)E,” — ACE,Eg + 2C,°Ey’)
+C1Ey* (C(L1- ) Ey” — (1+0) Eg (2B — Gy Eg ) + E, (L+0) By Eg
+ (L+0)Eq(Ey” +2C,E4Eg — Cy° Eg )T,

1?4 = [—ZC]_E?']_E:;EL‘ ((—5"1‘ U)E4 + 2C1E6) + Ezz (2E32 + (—3+ U)E()EG) + Elz ((U —1)E42 - 4C1E4EG + 2C12E62)
+CE,%(Cy(-1+ 0)E,” + (-3+0)Ey (2E, — C,Eg)) — E, ((-3+ L) E, E;
+(-3+0)Ey(E,* +2C,E,Eg — G2 Eg*))°.

Symmetry:

A, (-1+v)sina+(3+v)sin4,,a=0"; A, sina+sind,a=0";
F-F : _

Antisymmetry:

— A, (-1+v)sina + (B+0v)sinA,a=0"; —A,sina+sind,a=0" .

Symmetry:

A, L+ v)sing + (=3+v)sin A, a=0"" A,sina+sind,a=0;
C-C : _
Antisymmetry:

A, L+v)sina —(-3+v)sinA,a=0"%; -1, sina +sin1,a=0".

22




C-F 4- 22 (1+0)?sin? a+(=3+0)(L+v)sin® 4, a =0"F:
2 2 qin2 2 *
4-2, (L-v) sin“a+@B+v)(-1+v)sin“ 1,a=0 .
4- 22 (1+u)25in2 a+(—3+u)(1+u)sin2 A,0=0";
{[2E,(E, CE) f1]
+E4[4E4(i A+v)?sin? o —(-3+0v)?sin? A 20)(A,, SiN2a —sin 24, ) + 2C, E. fl]
S(I)-C A
—E2[4E6(/1 (1+u) sin o — (3+u) sin fl]} 0
E,=-E,E,+C,EE, +E,(E,-CE,),
f, = 22 (L+v)sinda — 24, sin 2a(A2 (1+v) + 2(-5 + 3v)sin? A, )
+4(/1 (- 1+30)S|n o+ (- 3+u)sm21 a)sin24,,a.
—im(1+u)5|n2a+(—3+U)S|n21ma:0 ;
{[2E,(E, - C,E, ) ]
S(h-C fl
+ E4[4E, (A2 (1+0)?sin? o — (-3+v)? sin 4, a)(4,, Sin 2a —sin 24, &) + 2C, E. fl]
— E,[4Es (A% (1+v)?sin? o — (-3+0)%sin? A,,a)(4,, sin 2a —sin 2 a)+2E3 fl]} 0
Note: means that equation can be found in a homogeneous plate under bending.

# means that equation can be found in a homogeneous plate under extension..
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Fig. 1 Coordinate system and positive displacement components for a sector plate
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Fig.2 Minimum Re[ 4] of characteristic equations corresponding to S(I)-S(I1) boundary
condition: (a) symmetric solution, (b) anti-symmetric solution
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Fig. 2 (Continued)
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Fig.3 Minimum Re[ 4] of characteristic equations corresponding to
S(1)-S(I1) boundary condition.
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Fig. 4 Minimum Re[ 4] of characteristic equations corresponding to

S(1)-C and S(11)_C boundary conditions.
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Fig. 5 Minimum Re[ 4] of characteristic equations corresponding to
S(1)-F boundary condition.
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Fig. 6 Minimum Re[ A ] of characteristic equations corresponding to
S(I1)-F boundary condition.
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