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Abstract

Let H be a given continuous real valued
function defined on the (n+1)-sphere. The
problem of prescribed mean curvature is to
find certain conditions on H so that there
exists a hypersurface M whose mean
curvature is the given function H. The
purpose of this report is to show that there
exists a global viscosity solutions of arelated
evolution equation for suitable H and initial
value Up. For using the Perron's method, we
need to construct explicitly a family of
specia sub- and supersolutions. To do this,
we make certain growth and transverse
assumptions on the given function H and
monotonic assumptions on the initial value
Up .
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1. Introduction

Let X and Y be complete Riemannian
manifolds, dim(Y)=n, dim(X) = n+1. Let H
be a preassigned smooth function defined on
X. We consider the problem of prescribed
mean curvature, that is, find conditions on H
so that there exists an embedding Y in X
whose mean curvature is the given function
H (see[Y]). For X being the Euclidean space
and Y being a spherical type, based on the
theory of elliptic partial differential equation,
Treibergs and Wel showed the existence and
uniqueness of the problem of prescribed
mean curvature if H decays faster than the
mean curvature of two concentric spheres
[TW]. For X being a sphere and Y being a
topological sphere, using the same dlliptic
theory as [TW], we aso showed the
existence and uniqueness of the problem of
prescribed mean curvature if H satisfies
certain growth conditions [HSW].

In this report, we consider parabolic
version of the prescribed mean curvature
problem. As the mean curvature flow, one
can expect there are only short time existence
[H]. We consider the weak solution in the
sense of [ES]. We want to show the existence



of the viscosity solution for a evolution flow
related to this problem. Let Y be a family of
immersion from a compact n-manifold into
the n+1 dimensional sphere which satisfies
the following equation

For deriving the equation in the viscosity

Y, =(H- M)N,
where N istheunit normal and

M isthe mean curvatureof Y.
sense, assume that Y is a level hypersurface
of some function u defined on the (n+1)-
sphere. Then the degenerate parabolic
equation is given by

(LY 4 =34 |’4’) - [Ny H
inS™" (0,¥%),

where the derivatives are the first and second
covariant derivatives related to the (n+1)-
sphere. Suppose that the initial condition is
given by

(L2) u=u, a "™ {t=0.

To show the existence of vicosity
solutions for the initial value problem (1.1)
and (1.2), we first construct viscosity sub-
and supersolutions of (1.1) and (1.2). Let abe
aconstant vector in S™ . Denote by

ﬁ(r)=max H,

Uo(r) = max Uy,

H(r)=min H and
i(r):minuo,

where the maximum and minimum are taken

over dl X with (X, @ = p . We show that if
these functions related to H satisfy the
transverse condition (H1) and the growth
condition (H2) , and these functions related
to Up are nondecreasing (see section 2), then
there exist global viscosity sub- and
supersolutions. Moreover we have a
comparison between viscosity sub- and
supersolutions.. It follows from the Perron's
method that a global viscosity solution of
(1.1) and (1.2) exists. We then can state the
main result of this report as follows

Theorem. Let H beacontinuousfunction
defined on the (n +1) - spheresatisfying (H1)
and (H2). Then for any given continuous
function u,, o and u, arenondecreasing,

(1.1) and (1.2) has aglobal viscosity solution u.

2. Existence Theorem

Suppose that H and up are functions of
p ,where p =(X, a), X is the position vector
of S™* and aisaconstant vector in S™. Let

Ho(t) =-n )
Vi- t?
be the mean curvature of the hyperspheret =
p , for -1<p <1. Assume that there exist
finitely many
ro=-1<r,<r,<L <r,,<1=r,
such that
(H1) H<H, forri (ry, 7).

H>H, forrl (r,.,r,).

To construct a globa solution, we need H
satisfying the following (H2) conditions

I at

O V1-t?(H, - H)
Suppose that Uy is nondecreasing. Then it
follows that u = uo (F*(F(p )+t) is a global
viscosity solution for the initia value
problem (1.1) and (1.2), where

=¥ fori=12,L ,2-1.
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for pin[pi ,p i+] . In fact, there are four
ways to construct such a viscosity solution.

Now we go back to the general caseg;
Hand up arefunctionsof X. Assume that



H<Hy forrT (ry,r,..),
H> H, for r 1 (72/+1'72i+2)’
H<H, forri (L,-'r

_2j+1)’

H>H, forrl (r__,r_ ),
- — 2+l —2j+2

fori=0,12,....k-1andj=0,1,2,...,m-1,
Uo and U are nondecreasing functionsof r.
Under these conditions, we construct sub-

and supersolutions of the original equation
(1.1) and (1.2) asfollows: Let

— r at

F(r)=¢ ,

=0 - 1)
r at

F =c —,
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u=u, (F (F(r)+1)) and

u=u, (F*(F(r)+1).

Then v isasubsolution and uisa
supersol ution respectivey. Furthermore,

ufu foral t.Thisfollowsdirectly from
the construction by comparison.

We appeal to the Perron's method. Let S
be the nonempty set
S={v; visasubsolution of (1.1) and (1.2)

and vE u}.
Then a standard argument as [CGG] shows
that

u(X) =sup{y X); vl §

Isaviscosity solution of (1.1) and (1.2).
3. Final Comments

In this report we show that existence of
global viscosity solution for the degenerate
parabolic equation related to the problem of
prescribed mean curvature. It is clear that this
IS a geometric equation [AS]. In our dliptic
result, Y must be spherical type. In the
parabolic case, we make no assumption on
the topology of Y. However this result seems
only make sense in the spherical case. Is

there have other sub- and supersolutions
which can observe another topological type ?
On the other hand, there still have many
elementary works. Does this solution is
unique in the sense of [ES] ? What is the
relationship between the classica solution
and weak solution ? The most important and
deep question at least for me is : How to
observe the behavior of the singular set from
the weak solution ? These problems are
interesting to answer.
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