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Abstract

As the needs to hedge financia risks increase, a variety of non-exchange options
or over-the-counter options are widely traded between financial institutions and their
ingtitutional costumers. However, there is no sufficient margin settlement mechanism
for these unlisted options, thus the credit risk of the option writer must be considered
when investors evaluate the price of unlisted options. As a consequence, the Black &
Scholes (1973) option pricing model is not adequate to assess the options which are
subject to counterparty credit risk.

The purpose of this project is to extend the vulnerable option pricing model in

Klein (1996) and derive a path-dependent valuation model for option subject to
counterparty’s default risk. At the same time, this project also employs numerical
simulation to compare the pricing results of our derived model with both of the Black
& Scholes (1973) default-free option model and the Klein (1996) path-independent
vulnerable option model.

Keywords: option, option pricing, credit risk, default risk, path-dependent
l. Introduction
In contrast to exchange-listed options markets, there is no clearing organization,



such as an Options Clearing Corporation, in the over-the-counter markets that requires
that the option writer pay an initial margin and be daily resettled. Thus it is
unreasonable to assume that options investors are not exposed to possible default risk
from their writers. As a consequence, the Black & Scholes (1973) option pricing
model is not adequate for evaluating the options which are subject to counterparty
credit risk. Johnson & Stulz (1987) refer to this type of option as a “vulnerable
option.”

Existing papers consider the credit risk in their pricing models only on the
option expiration date. Under this assumption, the default risk is only examined at the
date of maturity and the path-dependent process of the asset value isignored. So even
if the asset value of the option writer is ever below its debt prior to the expiration
date but it ends with an asset value above its debt, then the in-the-money option
holders can still claim a full payoff from the writer. In fact, this is seldom the real
situation.

I'l. Purpose

The purpose of this paper is to extend the vulnerable option pricing model in
Klein (1996) and present a path-dependent valuation model for options subject to
counterparty default risk. We also compare the pricing results of our mode with the
Black & Scholes (1973) default-free option model and the Klein (1996) path-
independent vulnerable option model.

[11. Literature Review

Johnson & Stulz (1987) assume that the option is the sole debt claim of the
writer and if the option writer is unable to make a promised payment, the vulnerable
option holders will receive al the assets of the option writer. They derive closed-form
solutions for European options prices in some different cases by assuming stochastic
processes both for the asset value of the option writer and the value of the underlying
asset.

Hull & White (1995) extend the Johnson & Stulz (1987) model and allow the
counterparty to have other equally ranking liabilities. When the counterparty defaults,
option holders are assumed to obtain only a proportion of its no-default claims. Hull
& White (1995) not only propose a model for vulnerable options but also numerically
simulate and compare the differences between European call, American call and
ordinary call options under normal default risk.

By allowing both a stochastic process for the default-free term structure and the
term structure for risky debt, Jarrow & Turnbull (1995) provide a new technique for
valuing and hedging derivative securities subject to credit risk. This methodology can



also be applied to over-the-counter options, corporate bonds and other securities.

Klein (1996) indicates that the default risk in relation to the vulnerable option
arises when the asset value of the counterparty declines as the value of the option
itself increases as well. Thus Klein (1996) assumes that the credit risk of the option
writer and the asset underlying the option is correlated and derives a pricing formula
which alows for other debt claims on the part of the counterparty and the existence of
capital forbearance.

The Klein (1996) model is more practical than the models of Hull & White
(1995) and Jarrow & Turnbull (1995); however, the author still ignores the possibility
that the counterparty may default prior to the option’s expiration date. Obvioudly,
Klein (1996) assumes the vulnerable option price is path-independent, and thus the
default risk can be examined only on the expiration date.

V. The Pricing Model for Vulnerable Options

Different from Klein (1996), we consider the default risk of the option's writer
throughout the option’s lifetime instead of only on the maturity date. Furthermore, our
model discusses two alternatives to incorporate the situation that the option writer’s
asset value V; falls below some amount D at any time before the option’s maturity
date. First, we assume that the option holders receive nothing even though the option
is in-the-money, and second, we assume the in-the-money option holders can obtain a
proportion of their claims when the option’s writer defaults before the maturity date.

Under first dternative, the value of a path-dependent vulnerable option (C;) can
be stated as:

C =e""Hmax(S. - K,0)[@|" V,>D,0£t£T)

1
+(1- a)V,/D|" V,>D', 0£t<T,andV, £ D' )]} D

where rdenotes the risk-free rate, Sy, Vr be the value of the underlying stock and
option writer's asset at the maturity date, respectively, E denotes risk-neutral
expectation over Sy and V7, K is the strike price of the option; and « is the
bankruptcy cost expressed as a percentage of the asset value of the option writer.
Under second alternative, the value of a path-dependent vulnerable option (&)
can be written as:

C,=€""Hmax(S.- K,0)1|" V,>D', 0£Et£T)}

+e"Bmax(S- K,0)[(l- a)V,/D| V£ D', O£ tET)]} ©

Equation (1) can be solved as follows:
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Similarly, equation (2) can be solved asfollows:
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In equations (3) and (4), N\, is a bivariate standard normal cumulative distribution
function, pis the correlation coefficient between InSr and InVy, and A7) is the
density function for the first time 7 when the option writer’s asset value falls below

D.

V. Comparison of Models



In order to compare our models with those of Black & Scholes (1973) and Klein
(1996), we construct the same numerical examples as in Klein (1996). The results of
the calculation are shown in Table 1. All of the calculations of the options values in
Table 1 are based on the following parameter values:. a=0, s,=0.3, s =03, p=

0.5, r = 0.04833, T=0.3333, K=40, §=40, V,=5 D=5,and D =5, unless

otherwise noted.

Table 1 Values of vulnerable options and non-vulnerable options
Case PDVOC, PDVOC, B& S Klein

Base case 0 0 3.0697 3.0049
s,=02 0 0 2.1641 2.1160
s,=04 0 0 3.9760 3.8954
s,=02 0 0 3.0697 3.0312
s,=04 0 0 3.0697 29772
p0=-05 0 0 3.0697 2.7068

0=0 0 0 3.0697 2.8801

7=10.0833 0 0 1.4603 1.4439

T=0.5833 0 0 4.1806 4.0681
K=30 0 0 10.5744  10.1628
K=50 0 0 0.4341 0.4305

§=30 0 0 0.1487 0.1478
§=50 0 0 10.9319  10.5427
V,=10 3.0691 3.0691 3.0697 3.0697
r=0.02833" 0 0 2.9394 2.8742
r=0.06833 0 0 3.2031 3.1387

#: The option valuesin the last two rows are not reported in Table 1 of Klein (1996).

As Table 1 shows, except in the case where V= 10, our models consistently
indicate that the vulnerable option values are zero, while Klein's (1996) model still
reports that the options are valuable, regardless of the changes in each of the variables.
Thus Klein's (1996) path-independent pricing model overestimates the vulnerable
option value.

V1. Conclusions

This project derives two path-dependent vulnerable option valuation models
which can effectively improve the quality of the Klein (1996) pricing formula and
truly reflect the impact of the counterparty’s credit risk on the vulnerable option value.
We find that the Klein (1996) model overestimates the vulnerable option value. The
theoretical value for our path-dependent vulnerable option is lower than both of those
estimated by the Black & Scholes (1973) model and the Klein (1996) model.



References

Black F, Scholes, M., 1973. The Pricing of Options and Corporate Liabilities.
Journal of Political Economy, 637-654.

Cooper, I. A., Mdllo, A. S, 1991. The Default Risk of Swaps. Journal of Finance 46,
597-620.

Hull, J. C., 1989. Assessing Credit Risk in aFinancial Institution’s Off-Balance Sheet
Commitments. Journal of Financial and Quantitative Analysis, 489 -501.

Hull, J. C., White, A., 1995. The Impact of Default Risk on the Prices of Options and
other Derivative Securities. Journal of Banking and Finance, 299-322.

Jarrow, R. A., Turnbull, S. M., 1995. Pricing Derivatives on Financial Securities
Subject to Credit Risk. Journal of Finance, 53-85.

Johnson H., Stulz, R., 1987. The Pricing of Options with Default Risk. Journal of
Finance, 267-280.

Klein, P, 1996. Pricing Black-Scholes Options with Correlated Credit Risk. Journal
of Banking and Finance, 1211-1229.

PR

s LAl ES S LSS SN A AL S R % T
B HENREAARELFEIR G ERETHRS 0 A E FE G
1xf’£zr;g..:;#%?b',§1“ﬁﬁ§%’p:;ﬁag;:%gu; Q,?Fﬁp;@_-ﬂj 5 4R o
L2 Bl o

$“i%ﬁﬁipf%%?%ﬂﬁj%%%*§@¥W%ﬁ*P&$Wﬂ

I#7
-
#

R B4 > nGE AR 2 E2E B2 LM T REERBBEN LY IR
P2 % FRE A EREL LR BT L
PRI EETREVELAER e ERBHET AL D EREFL £5
®Hy ‘sé’:k!ﬁ R 56 RiE @D H2 2T 2ok o
AFFRIFIERFPGT ) A A EF I 2 ARXPEEY FOHFEE o &

ﬁﬁi ﬂr# MATLAB # 8 & "oA4235% » Wi AV L B o @ (B ¥ 9653358
%WFEW”’Jﬁ*ﬂﬁo%é;,d»ﬁaéiﬁ@n¢#Wﬁ,piﬁ%
FILh 8 ar o padE > 2 RORH R -



	page1
	page2
	page3
	page4
	page5
	page6
	page7
	page8

