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The critical current through an asymmetrically stacked, double
superconductor-normal-metal-superconductor (SNS) junction is stud-
ied in the mesoscopic and ballistic regime. The asymmetry in such
SNSNS junctions excludes any intuitive choice for the phase ¢, of the
middle superconductor S;. We propose to determine ¢, from the con-
dition that the currents in the two normal regions are the same. The
Bogoliubov-de Gennes equation is solved analytically within the An-
dreev approximation. In the long S; limit, we find that the current-phase
relation (CPR) can be constructed directly from the CPRs of the two
constituent SNS junctions, of which the longer SNS junction imposes
a cutoff to the critical current. In short S, cases, the cutoff feature re-
mains, but the cutoff value is affected by the Andreev-level tunneling.
The dependencies of the SNSNS critical current on the length of S5,
and the asymmetry in the configuration are studied. © 1998 Elsevier
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Due to the progress of microtechnology, the nanos-
tructures consisting of both normal metal (N) and
superconductor (S) have caused renewed interests in
the study of superconducting junctions. Numerous ef-
forts, both theoretical and experimental, are devoted
to explore such superconducting mesoscopic systems,
where not only the Cooper pairs in S regions but also
the quasiparticles in N regions are coherent. The inter-
play between these two kinds of coherence induces pe-
culiar transport properties in the mesoscopic regime.
For example, the critical current fluctuation in a dirty
mesoscopic SNS junction [1, 2] and the critical cur-
rent, which is quantized, in a ballistic superconducting
quantum point contact (SQPC) [3, 4], are of entirely
different nature from their classical counterparts, of
which the transverse dimension W are much greater
than the Fermi wavelength Ap.

On the other hand, these superconducting meso-
scopic features can find their analogous phenomena
in the corresponding mesoscopic normal systems. The
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quantization in the critical current of an SQPC is
analogous to the quantized conductance of a normal
QPC, which width W ~ Ag. This issue of analogy has
prompted recent study of symmetric SNSNS junctions
via an effective Ginzburg-Landau model [5] or a mi-
croscopic approach [6]. It is found that the analogy
with resonant transmission is marginal [5], but the fea-
ture associated with Andreev-level tunneling is promi-
nent [6]. The Andreev levels are current-carrying states
formed in the junction. Each Andreev level is asso-
ciated with a quasiparticle process — either a right-
going electronlike quasiparticle or a right-going hole-
like quasiparticle.

Recently, there are many experiments probing the
physical characteristics of Andreev reflection and An-
dreev levels. For instance, the nonsinusoidal current-
phase relation (CPR) for an atomic-size SQPC has
been observed in a mechanical break junction formed
out of a superconducting loop {7]. This nonsinusoidal
CPR can be understood as the changes in an Andreev
level of the process type it associates with [6]. In ad-
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dition, the resonant tunneling feature of a NSNSN
structure has been observed and is attributed to the
existence of (quasi-)bound Andreev levels formed
between the superconducting barriers [8]. All these
results demonstrate the experimental realization of
mesoscopic superconducting structures and the suc-
cess in understanding the features of these structures
using Andreev reflections.

In this paper, we study an asymmetric SNSNS junc-
tion of which the lengths of the two normal regions are
different. We also consider the case when the energy
gap of the middle superconductor is different from that
of the superconducting end-electrodes. For a symmet-
ric SNSNS junction, an intuitive choice for the phases
of the superconductors is that the phase differences be-
tween consecutive superconductors are the same. For
an asymmetric SNSNS junction, however, no intuitive
choice exists, and the only thing that we are certain is
that the phase ¢, of the middle superconductor (S;) is
a function of the phase difference ¢ between the two
superconducting end-electrodes.

We need a physical condition that allows us to find
¢4 (). Towards this end, we note that the local cur-
rent in the normal regions of the junction can be cal-
culated from a microscopically derived expression (see
below). The current depends explicitly on both ¢ and
¢>. But for arbitrary ¢, the current in the two normal
regions of the junction can be different, even though
physically they should be the same. This shows that
¢» cannot be arbitrary for a given ¢. Instead, equat-
ing the currents in the two normal regions is the phys-
ical condition that we should impose in order to de-
termine ¢, (¢). From this we can obtain the transport
characteristics of asymmetric SNSNS junctions.

For junctions in which S, is long, we find that the
CPR of the junctions can be constructed directly from
the CPRs of the two constituent SNS junctions. This
simply demonstrates that the SNSNS junctions behave
like two independent SNS junctions connected in se-
ries. In addition, the SNS junction that has the longer
N region imposes a cutoff to the critical current of the
entire junction. For junctions in which S is short, the
cutoff feature remains. But because of the Andreev-
level tunneling, the two SNS junctions are no longer
independent. Consequently, the cutoff-current value is
changed. These cutoff features, together with their de-
pendencies on the length of S; and the asymmetry in
the configuration, manifest directly in the critical cur-
rent I, of the asymmetric SNSNS junctions.

The pair potential for the asymmetric S;N;S;N2S;3
junction is given by
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where the energy gap magnitudes A, of the two su-
perconducting end-electrodes are the same while the
energy gap A, of the middle superconductor can be
different. Here we consider the case A; < A;. The
quasiparticles of the system are described by the
Bogoliubov-de Gennes (BdG) equation

H(x) A(x) u(x) u(x)

[A*(x) —H*(x)] [v(x)] =£ [vm ] @
where H(x) = p2/2m— p is the single-electron hamil-
tonian, and y, the chemical potential, is assumed to
be the same throughout the structure.

For quasiparticles with energies E > A;, they are
scattering states resulting from quasiparticles incident
from one of the superconducting end-electrodes. These
quasiparticles can be electronlike or holelike. The scat-
tering states are obtained by matching the wavefunc-
tions at the SN interfaces. By invoking the Andreev
approximation, we obtain the analytic expressions for
the scattering coefficients [6].

For E < Ay, the quasiparticles are confined in be-
tween the two end-electrodes and their energies are
quantized. Furthermore, when E < A,, the quasipar-
ticles are confined within, but can tunnel between, the
two normal regions. We have obtained the analytic
expression for the quantization conditions for these
bound states. There are two kinds of such bound states,
according to the processes involved. The p-process
bound state is set up by right-going electronlike quasi-
particles and the n-process bound state is set up by
right-going holelike quasiparticles [9].

The supercurrent can be obtained using the current
density expression

j(x) = ;;1 S {FE) uf (0 prew(x) + [1 - F(ED]
!

3)

where [ refers to all the quasiparticle states, with E; >
0, and with the wavefunctions given by [u;(x), v ()17,
Here e = ~le|, and p, = —ihd/dx— (e/c)Ax(x). The
vector potential A,(x) = 0 in our case. The function
fle) =[1 +exp (e/kgT)] ™" is the Fermi function. In
this paper, the temperature 7 is taken to be zero. In one
dimension, the current density becomes the current.
Since equation (3) is local, containing the location at
which the current is to be evaluated, we can calculate
the currents in the two normal regions of the asym-
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Fig. 1. I-¢ relation of a long L, asymmetric SNSNS junction, and of its constituent SNS junctions. The inset
shows the physical configuration of the junction. The two horizontal light lines highlight the cutoff feature.
L, = 10E; is shown long enough for the junction to behave like two serially connected SNS junctions.

metric SNSNS junction. As mentioned before, we can
determine ¢, for a given ¢ by equating the currents
in the two normal regions.

In Fig. 1, the CPR of an asymmetric SNSNS junc-
tion that has a long S, is represented by the solid
curve. The configuration of the junction is (Ly, Ly, L3)
= (0, 10, 1) &, and A;/A; = 0.5. Here & is the co-
herence length of the superconducting end-electrodes.
The CPRs of the asymmetric SNS junctions with Ly =
0 (the dashed curve) and &, (the dashed-dotted-dashed
curve) are presented to illustrate their connection with
the CPR of the entire SNSNS junction. If the two SNS
junctions were independent, but serially connected, we
would expect that, for a given current flowing through
the system, the total phase difference across the en-
tire junction is the sum of the phases across each SNS
junction. We find that our graphs do conform to this

construction scheme. For example, ¢, = ¢, + ¢y,
and ¢ = ¢ + ¢p. Based on this scheme, the CPR
branch for the entire junction that includes point ¢ (¢')
can be constructed from the CPRs of the constituent
SNS junctions that include points a and b (a’ and b’).
Thus, we conclude that the long S; asymmetric junc-
tion is equivalent to two independent SNS junctions
connected in series. Based on this understanding, the
cutoff feature in the CPR comes about naturaily.

The cutoff feature, indicated by the two horizontal
light lines, can be understood as the bound to the mag-
nitude of the supercurrent that can flow in the junc-
tion. The critical currents of the two constituent SNS
junctions are different, but the bound to the current
in the entire junction is determined by the SNS junc-
tion that has the longer normal region. Hence the two
horizontal light lines coincide with the smaller critical
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Fig. 2. I-¢ relation of an asymmetric SNSNS junction with intermediate length for S; (Ly = 2&;). The two
horizontal lines denote the critical current of the constituent SNS junction that has the longer Ly.

current of the constituent SNS junctions.

In Fig. 2, we show the CPR of an asymmetric
SNSNS junction that has a shorter S;, where Ly = 2&;.
The other configuration parameters are the same as
in Fig. 1. The CPR is denoted by the solid curve and
the CPR for the corresponding symmetric SNSNS
junction, which configuration (L, Ly, L3) = (0.5, 2,
0.5) & and the total length Ly, in the normal
regions is the same, is denoted by the dashed curve.

The CPR of the symmetric junction has two
abrupt-current-change features, which can be shown
to be the consequence of Andreev-level tunneling [6].
These two abrupt-current-change features approach
each other as the length L, of the middle super-
conductor increases. In the large L, limit, the two
abrupt-current-change features merge into one. The
two abrupt-current-change features are well separated
in Fig. 2, suggesting that the coupling between the

two constituent SNS junctions are important. Such
coupling affects also the cutoff-current values of the
asymmetric SNSNS junction. In this case, the cutoff-
current values of the asymmetric junction is larger
in magnitude than the critical current of the longer
constituent SNS junction, which is indicated by the
two horizontal lines. Except for the cutoff features in
the vicinity of the abrupt-current-change features, the
CPRs for the two junctions are almost the same. Since
we find also that the CPR has a greater sensitivity to
the changes in L; or L,¢,), our results demonstrate
that the CPR is least sensitive to the junction con-
figuration change that has kept both L; and Lpta)
constant. The CPR of an asymmetric SNSNS junc-
tion can thus be obtained approximately by imposing
a cutoff to the CPR of its corresponding symmetric
junction. The sensitivities of the cutoff-current, or
equivalently, the critical current, to Ly, A;/A,, and
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Fig. 3. Critical current I, versus L, for both symmetric and asymmetric SNSNS junctions. The asymmetric
case is denoted by the solid curve for L; = 0, Ly = &, and A»/A; = 0.5 . The results for the corresponding
symmetric junction is denoted by the dashed curve. Detail analysis for the structures indicated by two arrows is
presented in two insets. Inset (a) I versus Az/ A1 for the structures (Ly, Lo, Lz) 0.5,2.0,0.5) & and 0.0, 2.0,
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asymmetry with respect to the position of S;. n = (L) ~

the asymmetry of the junction are presented in the
following.

In Fig. 3, the dependence of the critical current I,
on L, is denoted by the solid curve. The configura-
tion parameters are the same as in Fig. 1, except that
L, varies from 0 to 10€;. For comparison, the corre-
sponding symmetric case is presented by the dashed
line. The two curves start at the same value at L, = 0.
This is reasonable because the value corresponds to

the critical current of a symmetric SNS junction that
has Ly = Ltgta1 = &1. However, the two curves de-
viate from each other monotonically as L, increases,
and they approach to different limits. The I. of the
asymmetric junction saturates to that of an asymmet-

L3)/L1gtat and LTgta; = Lt + L3 is kept constant.

ric SNS junction that has Ly = &, whereas the I, of
the symmetric junction saturates to that of the asym-
metric junction that has Ly = 0.5%,. We conclude that
the cutoff feature is quite sensitive to L;.

Next, in inset (a), the critical currents of two junc-
tions — symmetric (0.5, 2.0, 0.5) §; and asymmetric
(0.0, 2.0, 1.0) & — are shown as a function of the ra-
tio Az/A;. The former is denoted by the dashed line
and the latter is denoted by the solid line. When A; =
0, the critical currents are reduced to that of the sym-
metric SNS junction that has Ly = LTg¢,1- As shown
in the figure, we have the maximum discrepancy when
A; = Aj. We conclude that the higher the A;/A) ratio
is, the more obvious the cutoff feature wiil be.
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Finally, inset (b) in Fig. 3 shows the dependence of
the critical current on the asymmetry in the geomet-
rical aspect. Such asymmetry is defined by a dimen-
sionless parameter n = (L; — L3)/L1gtal- When n
goes from —1 to 1, S; moves from the left-most po-
sition to the right-most position in between the two
superconducting end-electrodes. The other configura-
tion parameters are the same as in Fig. 1. The sym-
metric configuration has the largest critical current,
and the deviation in I. is much smaller than that in
the previous figures.

In summary, we have studied the critical current
through an asymmetric SNSNS junction in the meso-
scopic and ballistic regime. A physical condition is
proposed to determine ¢>(¢). In contrast to its sym-
metric counterparts, an asymmetric SNSNS junction
has a cutoff feature in the CPR. The cutoff value is the
critical current of the junction. The sensitivity of the
critical current to the junction configuration has been
explored. Our approach can be extended to explore
the cases including impurities and finite-temperature
effects. The features and the method proposed in this
paper can also be extended to the study of supercon-
ducting superlattices that have asymmetric unit cells.
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