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For n-by-n and m-by-m complex matrices A and B, it is known that the inequality
w(A® B) < ||Aljw(B) holds, where w(-) and ||-|| denote, respectively, the numerical
radius and the operator norm of a matrix. In this paper, we consider when this
becomes an equality. We show that (1) if ||A| = 1 and w(A ® B) = w(B), then
one of the following two conditions holds: (i) A has a unitary part, and (ii) A
is completely nonunitary and the numerical range W (B) of B is a circular disc
centered at the origin, (2) if |A| = ||A*|| = 1 for some k, 1 < k < oo, then
w(A) > cos(m/(k + 2)), and, moreover, the equality holds if and only if A is
unitarily similar to the direct sum of the (k4 1)-by-(k+ 1) Jordan block Ji11 and
a matrix B with w(B) < cos(w/(k+2)), and (3) if B is a nonnegative matrix with
its real part (permutationally) irreducible, then w(A ® B) = ||A||w(B) if and only
if either p4 = co or np < p4 < co and B is permutationally similar to a block-shift

matrix

[0 B

.
-
0

with k = ng, where py = sup{¢ > 1: || A?|| = ||A||*} and np = sup{¢ > 1: B # 0}.
Keywords: numerical range; numerical radius; tensor product; S,-matrix; non-
negative matrix

AMS Subject Classifications: 15A60; 15A69; 15B48
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1. Introduction and Preliminaries

For any n-by-n complex matrix A, its numerical range W (A) is, by definition, the
subset {(Az,z) : x € C",||z|| = 1} of the complex plane C, where (-,-) and || - ||
denote the standard inner product and its associated norm in C™, respectively. The
numerical radius w(A) of A is max{|z| : z € W(A)}. It is known that W(A) is a
nonempty compact convex subset of C, and w(A) satisfies ||A]|/2 < w(A) < ||4],
where ||A|| denotes the usual operator norm of A. For other properties of the
numerical range and numerical radius, the reader may consult [7], [9, Chapter 22]

or [12, Chapter 1].

The tensor product (or Kronecker product) A ® B of an n-by-n matrix A =

[aij]} ;=1 and an m-by-m matrix B is the (mn)-by-(mn) matrix

anB ce alnB

anlB s annB

It is known that A ® B and B ® A are unitarily similar and ||[A® B| = ||A]| - || B||-
Other properties of the tensor product can be found in [12, Chapter 4].

The main concern of this paper is the relations between the numerical ra-
dius of A ® B and those of A and B. For one direction, we have w(A ® B) <
min{||Al|jw(B), || B|]|lw(A)}. This can be proven by using the unitary dilation of
contractions, as to be done below. On the other hand, we also have w(A ® B) >
w(A)w(B). We are interested in when these become equalities. In the present pa-
per, we obtain various conditions, necessary or sufficient, for w(A® B) = ||A||w(B)
to hold. The discussions on the equality w(A® B) = w(A)w(B) will be the subject

of a subsequent paper of ours.

For the ease of exposition, we introduce two indices for an n-by-n matrix A: the
power norm index pa and nilpotency index n4 of A. They are defined, respectively,
by

pa =sup{k > 1:[|A%| = ||A[*}

and

sup{k > 1: A £0,} if A#0,,
na —
0 if A=0,,
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where 0,, denotes the n-by-n zero matrix.

We start in Section 2 by proving that if ||A| = 1 and w(A ® B) = w(B), then
either (i) A has a unitary part, or (ii) A is completely nonunitary and W(B) is
a circular disc centered at the origin (Theorem 2.2). The proof depends on the
dilation of A to a direct sum of Sy-matrices with ¢ < n, the Poncelet property of
the numerical ranges of matrices of the latter class, and Anderson’s theorem on the
circular disc numerical range. As a by-product, we obtain a lower bound for w(A)
when A satisfies || A|| = ||A¥|| = 1 for some k, 1 < k < n: w(A) > cos(n/(k + 2)),
and determine exactly when this bound is attained: this is the case if and only if A

is unitarily similar to Jx1 ® B, where Ji1 is the (k4 1)-by-(k + 1) Jordan block

01

and B is a finite matrix with w(B) < cos(n/(k + 2)) (Theorem 2.10). This gen-
eralizes the classical result of Willams and Crimmins [17] for £ = 1. We conclude
Section 2 with a result on nilpotent contractions, namely, we prove that if A is
an n-by-n matrix with ||A|| = 1, then a necessary and sufficient condition for
pa = ng < oo to hold is that A be unitarily similar to a direct sum Jx11 & B,
where k = p4 and B¥*! = 0 (Theorem 2.13).

Finally, in Section 3, we consider B to be a nonnegative matrix with Re B (=
(B + B*)/2) (permutationally) irreducible. We obtain in Theorem 3.1 a complete
characterization for w(A ® B) = ||A||w(B), namely, this is the case if and only if
either py = co or np < pg < oo and B is permutationally similar to a block-shift

matrix of the form

0 By

. B,

with k = np.

As was mentioned before, the inequality w(A® B) < ||A||w(B) for n-by-n and m-
by-m matrices A and B is known. It is a consequence of [10, Theorem 3.4] because

A ® B is the product of A ® I, and I, ® B, and the latter two matrices doubly
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commute, that is, A® I,, commutes with both I, ® B and its adjoint I,, ® B*. Here

we give a simple proof based on the unitary dilation of contractions.

Proposition 1.1. If A and B are n-by-n and m-by-m matrices, respectively, then

w(A® B) <min{|[Afjw(B), | Blw(A)}.

Proof. We need only prove that w(A ® B) < ||A||w(B), and may assume that
|A|]| = 1. Then the (2n)-by-(2n) matrix

. A (I, — AA*)1/?
(I, — A*A)1/2 —A*

is unitary. Let U be unitarily similar to the diagonal matrix diag (u1,...,uay),
where |u;| =1 for all j. Then

2n

w(A® B) < w(U ® B) = w() _ ®u;B) = maxw(u;B) = w(B) = [|A|w(B). O
, j
7j=1

We conclude this section with some basic properties of the indices p4 and ny4 of

a matrix A.

Proposition 1.2. Let A be an n-by-n matriz. Then

(a) 1<pa<n-—1orpy=o0c,
(b) pa =n—1 if and only if A is a nonzero multiple of a Sy-matriz, and

(c) the following conditions are equivalent:

(1) pa = oo,

(2) [[All = p(A4),

(3) [[All = w(A),

and if ||A|| = 1, then the above are also equivalent to

(4) A has a unitary part.

Here p(A) denotes the spectral radius of A, that is, p(A) is the maximum modulus

of the eigenvalues of A.

Recall that an n-by-n matrix A is of class S, if it is a contraction (||A4| < 1),
its eigenvalues are all in D = {z € C : |2| < 1}, and rank (I, — A*A) = 1. Any
contraction A is unitarily similar to the direct sum of a unitary matrix U, called
the unitary part of A, and a completely nonunitary contraction A’, called the c.n.u.
part of A. The latter means that A’ is not unitarily similar to any direct sum with

a unitary summand.



July 23, 2013

Linear and Multilinear Algebra tensor product

Proof of Proposition 1.2. (a) was obtained by Ptak in 1960 (cf [15, Theorem 2.1])
and (b) was proven in [4, Theorem 3.1]. As for (c), the implication (1) = (2) is by
[9, Problem 88], (2) = (3) by the known inequalities p(A4) < w(A) < ||A]], (3) = (2)
by [9, Problem 218 (b)], and (2) = (1) by the inequalities p(A) < ||A*||'/* < ||A||
for all £ > 1. If ||A|| = p(A) = 1, then, letting A be an eigenvalue of A with

|A| = 1, we have the unitary similarity of A and a matrix of the form [A i} . Since
0

|A]] = |\| = 1 implies that B = 0, A is unitarily similar to [\] & C' and thus has a

unitary part. This proves (2) = (4). That (4) = (2) is trivial. O

Proposition 1.3. Let A be an n-by-n matriz. Then
(a)
(b)
(¢c) ng = o0 if and only if A is not nilpotent, and
(d) pa < na for A£0,

0<ng<n-—1orng =00,

na =n— 1 if and only if A is similar to the n-by-n Jordan block J,,

We omit its easy proofs.

In the following, we use o(A) to denote the spectrum of A, that is, o(A) is the
set of eigenvalues of A. An n-by-n matrix A is a dilation of an m-by-m matrix B
(or B is a compression of A) if there is an n-by-m matrix V such that B = V*AV

and V*V = [,,,. This is equivalent to A being unitarily similar to a matrix of the

form [B *}

2. Contractions
We start with a simple condition which yields the equality w(A ® B) = ||A||w(B).

Lemma 2.1. If A is an n-by-n matriz with pa = oo, then w(A ® B) = ||A|jw(B)
for any m-by-m matrix B. In particular, this is the case for A a contraction with

a unitary part.

Proof. Since psy = oo implies, by Proposition 1.2 (c), that ||A]| = w(A). If A is a
number in W(A) with |[A| = w(A), then |\| = ||A||. Since A is unitarily similar to

a matrix of the form | " , we have the unitary similarity of A ® B and AB *} .

* ok * ok

It follows that |Al|w(B) = w(AB) < w(A ® B). On the other hand, we also have
w(A® B) < ||Al|jw(B) by Proposition 1.1. Thus w(A ® B) = ||A||w(B) holds. O
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The next theorem is one of the main results of this section. It gives a necessary

condition for the equality w(A ® B) = ||A||w(B).

Theorem 2.2. Let A and B be n-by-n and m-by-m matrices, respectively. If || A|| =
1 and w(A® B) = w(B), then one of the following two conditions holds: (i) A has
a unitary part, and (ii) A is c.n.u. and W(B) is a circular disc centered at the

orLgin.

We first prove this for the case when A is an S,-matrix. The numerical ranges
of such matrices are known to have the Poncelet property, namely, if A is of class
Sh, then, for any point A on the unit circle 9D, there is a unique (up to unitary
similarity) (n + 1)-by-(n + 1) unitary dilation U of A such that X is an eigenvalue
of U and each edge of the (n+1)-gon OW (U) intersects W (A) at exactly one point
(cf. [2, Theorem 2.1 and Lemma 2.2]).

Lemma 2.3. Let A be an S,-matriz and B an m-by-m matriz. If w(A ® B) =
w(B), then W(B) is a circular disc centered at the origin.

Proof. Let Uy,...,Upns1 be (n+ 1)-by-(n + 1) unitary dilations of A with o(U;) N
o(Uj) = 0 for all ¢ and j, 1 < i # j < m + 1. We may assume that U; =
diag (A1j,..., Any1,;) for each j, where |\;;| = 1 for all ¢ and j. Let V; be an
(n + 1)-by-n matrix such that A = V*U;V; and V'V; = I, for each j. Since
|A|| =1 and

w(A® AB) =w(A® B) = w(B) = w(AB)

for any A, |A\| = 1, we may further assume that w(B) is in W (A ® B). Let z be a
unit vector in C" @ C™ such that ((A® B)z,z) = w(B). We decompose (V; ® I;,)x
as y1; D -+ D Yny1,j with 455, 1 <i <n+1,in C™ for each j. Then

w(B) = (A® B)z,x)
= ((U; @ B)(V; ® Im)x, (V; @ I )x)

=((AMjB® - @ At1,iB) (Y15 © - © Yn+1,5), Y15 © - D Ynt1,4)

n+1

= > (\ijBuij, vij)
i=1
n+1

< Z [(BYij» Yis)|-
i=1
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Letting ni; = (B(yij/||Yi5l), vij /|yi;||) for each y;; # 0, we obtain

w(B) = > Nijllyii P05 < D NwislPmigl < > Mg |Pw(B) = w(B)

Yi;70 Yi;70 Yi; 70

since
> llyisI? = 11V @ L) |)® = ||=)® = 1.
7

Thus we have equalities throughout the above sequence, which yields that w(B) =
Nijnij for yij # 0. Since Y, |lyi;]|* = 1, this must hold for at least one i, say,
ij. Hence A;,jw(B) = n;,; is in OW(B) for each j. Note that such \;jw(B)’s,
1 <7 <m+1, are distinct from each other by our assumption on the disjointness
of the spectra of the U;’s. This shows that the boundary of W(B) and the circle
|z| = w(B) intersect at at least m + 1 points. Since W (B) is contained in {z € C:
|z| < w(B)}, we apply Anderson’s theorem (cf. [3, Theorem]| or [20]) to infer that
W(B)={2z€C:|z| <w(B)}. O

Proof of Theorem 2.2. We assume that A is c.n.u. Then A can be dilated to the
direct sum A’ @ --- @ A" of rank (I,, — A*A) many copies of some Sy-matrix A’
with £ < n (cf. [18, Theorem 1.4] or [21, Lemma 3 (a)]). Hence A ® B dilates to
Ae---pA)YoB=(A®B)®---® (A" ® B). We have

w(B) = w(A®B) < w((A'®B)®---&(A®B)) = w(A'®B) < ||A'|w(B) = w(B).

Thus w(A’ ® B) = w(B). It follows from Lemma 2.3 that W(B) is a circular disc

centered at the origin. d

An easy consequence of Theorem 2.2 is that the converse of Lemma 2.1 is also

true.

Corollary 2.4. For an n-by-n matriz A, the equality w(A® B) = ||A||w(B) holds

for all matrices B if and only if pa = oo.

Proof. For the necessity, assume that ||A|| = 1 and let B be any matrix with its
numerical range not a circular disc centered at the origin. Theorem 2.2 yields that

A has a unitary part. Then py = oo follows immediately. O

In Theorem 2.2, if B is the Jordan block .J,,, then we have the following charac-
terizations for w(A ® B) = || A||w(B).
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Theorem 2.5. Let A be an n-by-n matriz with ||A|| = 1. Then the following

conditions are equivalent:

(a) W(A® Jm) =W(JIm),

(b) w(A® Jm) = w(Jm),

(¢) A®Jy, is unitarily similar to Jp, ® B for some matriz B with w(B) < w(Jy,),
and

(d) A™H =1
If, in addition, n = m, then the above conditions are also equivalent to

(e) either A has a unitary part or A is of class Sy, and

(f) pa =00 orn—1.
Note that W (.J,,) = {z € C: |z| < cos(w/(m + 1))} (cf. [8, Proposition 1]).

Proof of Theorem 2.5. The implication (a) = (b) is trivial. To prove (b) = (c),
note that (A ® J,)"™ = A" @ J' = Opp, and || A Q@ Ju| = |AllllJw] = 1. If
x is a unit vector in C" @ C™ such that [((A ® Jn)z,z)| = w(A ® Jy,), then
w(A® Jp) = w(Jy) = cos(n/(m 4+ 1)) implies that the subspace K of C" @ C™
generated by the vectors z, (A ® Jp,)z, ..., (A® Jy,)™ 'z is reducing for A ® J,,,

and the restriction of A ® J,,, to K is unitarily similar to .J,, (cf. [8, Theorem 1
(2)]). Hence A ® J,,, is unitarily similar to J,,, & B, where B is the restriction of
A® Jp, to K. We obviously have w(B) < w(A ® Jp) = w(Jm).

For (c) = (d), note that A™~!® J™~! is unitarily similar to J7~1® B™~! under

(c). Hence

A =A™ @ g = (| @ BT = max{ || (1B} = 1

To prove (d) = (c), let = be a unit vector in C" such that [|[A™ !z| = 1. Then
|[Am~Jz| =1 for all j, 1 < j < m. Let {e1,...,en} be the standard basis for C™,
let z; = A" g ® ej, 1 <j < m, and let K be the subspace of C" ® C"™ generated
by 1,...,Zm. Then (A® Jy,)zr1 =0 and (A® Jy,)z; = xj-1 for 2 < j < m. Since
{z1,...,zmn} is an orthonormal basis of K, this shows that (A ® J,,,)K C K and
the restriction of A ® J,, to K is unitarily similar to J,,. On the other hand, it
follows from ||A ® Jp,|| = ||Al/||Jm]| = 1 and

(A® Jp) T = (A* @ J5) (2 @ em) = (A*2) @ (Jhem) = (A*2) @0 =0

that K is reducing for A ® J,,, and hence A ® J,, is unitarily similar to J,, & B,
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where B is the restriction of A ® J,, to K. Obviously, we have

w(B) < w(A® J) < |4 w(Jm) = w(Jn).

To prove (c¢) = (a), note that the unitary similarity of J,,, and e¥.J,, for all real
6 implies the same for A ® J,,, and €(A ® J,,,). Thus W(A ® J,,) is a circular
disc centered at the origin. (c¢) implies that w(A® Jp,) = w(Jy, ), which means that
the radii of the two circular discs W(A ® J,,) and W (J,,) are equal. Therefore,
W(A® Jp) = W(Jy) holds.

Now assume that n = m and that ||A"!|| = 1. If ||A"|| = 1, then p4 = oo and
hence A has a unitary part by Proposition 1.2 (a) and (c). On the other hand, if
I|A™|| < 1, then A is of class S,, by [4, Theorem 3.1]. This shows that (d) = (e).
Next, if (e) is true, then py = 0o or n — 1 depending on whether A has a unitary
part or A is of class S, (cf. [4, Theorem 3.1] for the latter). This proves (f). Finally,
if pa = oo, then ||A¥|| = 1 for all k¥ > 1, and, in particular, |A"!|| = 1. On the
other hand, if p4 =n — 1, then [|[A"!|| = || A"~ = 1. This proves (f) = (d). O

The next proposition gives a characterization of w(A ® B) = ||A|jw(B) when B

is of class Sy,.

Proposition 2.6. Let A be an n-by-n matriz with ||A|| = 1, and B be an Sp,-
matriz. Then w(A ® B) = w(B) if and only if either (i) A has a unitary part, or

(i) A is c.n.u., ||A™7|| =1 and B is unitarily similar to J,,.

Its proof depends on a special property of S,,-matrices. The following lemma is

from [19, Lemma 5]. Here we give a shorter geometric proof.

Lemma 2.7. Let A be an S,,-matriz. Then W (A) is a circular disc centered at the

origin if and only if A is unitarily similar to J,.

Proof. If W(A) is as asserted, then the Poncelet property of W(A) says that it is
circumscribed by (n + 1)-gons with vertices on the unit circle. As the circular disc
{z € C:|z| <cos(n/(n+1))}(= W(J,)) is circumscribed by any regular (n + 1)-
gon on the unit circle, if the radius of W (A) is not equal to cos(w/(n + 1)), then
we infer from a geometrical consideration that W(A) cannot have the Poncelet
property. Thus W (A) must equal W (J,). The unitary similarity of A and J,, then

follows from [2, Theorem 3.2]. The converse is trivial. O
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Proof of Proposition 2.6. If w(A® B) = w(B), then, by Theorem 2.2, either A has
a unitary part or A is c.n.u. and W(B) is a circular disc centered at the origin.
In the latter case, Lemma 2.7 yields the unitary similarity of B and J,,, and then

Theorem 2.5 gives ||A™ || = 1. The converse also follows from Theorem 2.5. [

Note that, under the conditions of Proposition 2.6, if A is c.n.u., then we au-
tomatically have m < n. This is because if, otherwise, m > n, then ||[A™71|| = 1

yields, by Proposition 1.2 (a) and (c), that A has a unitary part.

A specific example of the results obtained so far is in the next proposition.

Proposition 2.8. Let n and m be positive integers. Then W (J, @ Jp,) = W (Jy),
where £ = min{n,m}, and thus w(J, @ Jp,) = min{w(J,), w(Jm)}.

Proof. Assume that m < n. Since the principal submatrix of J, ® J,,, formed by
its rows and columns numbered 1,m +2,2m +3,..., and (m — 1)m +m is J,,, we
have that J, ® Jy, is a dilation of J,,. Thus w(J,,) < w(J, ® Jy,). The reversed
inequality w(J, @ Jp,) < ||Jn|lw(Jm) = w(Jy) is by Proposition 1.1. Therefore,
w(Jp @ Jp) = w(Jy,) holds. As was seen in the proof of (¢) = (a) in Theorem
2.5, W(J, ® Jp) is a circular disc centered at the origin. Thus the equality of
w(Jp @ Jp) and w(Jy,) implies that of W (J, ® J,,) and W (J,,). O

Besides S,,-matrices, another generalization of the Jordan blocks is the compan-

ion matrices. Recall that a companion matrix is one of the form

0

0 1

—Qp —QGp—1 * - —0a2 —a |

whose characteristic and minimal polynomials are both equal to 2™ + 22:1 a; 2",

The numerical ranges of such matrices have been studied in [1, 5, 6].

Proposition 2.9. Let A be an n-by-n (n > 2) companion matriz. Then the fol-

lowing conditions are equivalent:

(a) w(A® A) = [[Alw(A),

10
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(b) one of the following holds: (i) A is unitary, (ii) A = J,, or (iii) A is unitarily
similar to a direct sum [awh)® B, where |a| > 1, w, = ¢!27/M) 0 < j<n—1,
and B is an S,_1-matriz with eigenvalues (1/@)wk, 0 <k <n—1 and k # j,
and

(¢) pa=mna=o00 orn—1.

Proof. To prove (a) = (b), let A’ = A/||A||. Then (a) gives w(A’ @ A") = w(A’).
By Theorem 2.2, either A’ has a unitary part or it is c.n.u. with numerical range
a circular disc centered at the origin. In the former case, either A is normal or is
unitarily similar to a matrix of the form [aw}] ® B, where |a| = ||A|| > 1 and B is
of size n — 1 with eigenvalues (1/@)wk, 0 <k <n —1 and k # j (cf. [5, Theorem
1.1 and Corollary 1.3]). If A is normal or |a| = 1, then A is unitary by [5, Corollary
1.2]. Hence we may assume that |a| > 1. Thus the eigenvalues of B are all contained
in D. Moreover, by [1, Theorem 2.1], we have rank (1,1 — B*B) = 1. These two
together imply, by way of the singular value decomposition of B, that | B| = 1.
Hence B is of class S,,—1. On the other hand, if it is the latter case, then W (A) is
also a circular disc centered at the origin. Therefore, A = J,, by [5, Theorem 2.9].

This proves (b).

For (b) = (c¢), if A is unitary (resp., A = J,), then, obviously, pg4 = ngq = o
(resp., p4 = na = n — 1). On the other hand, if A is unitarily similar to the
asserted [aw?] ® B, then ||A|| = max{|al, | B||} = |a| = p(A). Thus ps = n4 = oo
by Proposition 1.2 (c) and 1.3.

Finally, for (c) = (a), if p4 = n4 = oo, then (a) is a consequence of Lemma 2.1.
On the other hand, if p4 = n4 = n — 1, then A™ = 0,,. This implies that A = J,
and thus (a) holds by Proposition 2.8. O

The next theorem is a consequence of Theorem 2.5. It gives a lower bound, in

terms of p4, for w(A) when A is an n-by-n matrix with ||A| = 1.

Theorem 2.10. If A is an n-by-n matriz with |A| = ||A¥|| = 1 for some k > 1,
then w(A) > cos(m/(k 4+ 2)). Moreover, in this case, the following conditions are

equivalent:
(a) w(A) = cos(r/(k +2)),
(b) A is unitarily similar to Ji11 & B, where B is a finite matriz with w(B) <
cos(m/(k +2)), and
(c) W(A) ={2€C:|z| <cos(n/(k+2))}.

11
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For the proof of (a) = (b), we need the following lemma.
Lemma 2.11. Let

0(11 - -

A= .. and B =

- Gn-2 .
e Gp—2
0 ap—1

be n-by-n and (n — 1)-by-(n — 1) matrices, respectively, where n > 2 and a; is

nonzero for all j. Then w(A) > w(B).

Proof. We prove this by induction on n. If n = 2, then A = 0ol and B = [0], in

0 a

which case we obviously have w(A) > 0 = w(B). Assume now that the assertion
is true for the matrix A of size at most n — 1 (n > 3), and let A and B be of the
above form. By considering e?? A for a suitable real § instead of A, we may assume

that w(A) equals the largest eigenvalue of Re A. Let

Oa1
0

Te an—3

0

and let p(z), q(z) and r(z) be the characteristic polynomials of Re A, Re B and
Re C, respectively. We expand the determinant of

z  —ay/2
—51/2 z

z —ap-1/2
—an-1/2 z— Rea

by minors on its last row to obtain p(z) = (2 — Rea)q(2) — (Jan—1|>/4)r(2). Let
«, B and ~ be the largest eigenvalues of Re A, Re B and Re C, respectively. Then
a = w(A), B = w(B) and v = w(C). Since Re B (resp., ReC) is a principal
submatrix of Re A (resp., Re B), we have f < « (resp., v < [3). Assume that

12
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a = (. Then the above equation yields

0= p(a) = (o~ Rea)a(8) — glan111(8) = ~ flan-11(6).

Since a,—1 # 0 and S is larger than or equal to all eigenvalues of Re C', we infer from
~v(B) = 0 that § = v or w(B) = w(C). This contradicts our induction hypothesis
for B and C. Hence we must have a > (3 or w(A) > w(B). O

Proof of Theorem 2.10. By Theorem 2.5, the assumption ||A|| = ||A¥|| = 1 implies
that w(A ® Jg41) = w(Jg4+1). Hence

w(A) = [Tzl w(A) > w(A® Jpp1) = w(Jps1) = cos

T
k+2
as asserted.

We now prove the equivalence of (a), (b) and (c). The implications (b) = (c)
and (c) = (a) are trivial. To prove (a) = (b), let « be a unit vector in C" such that
|A¥z|| = 1. Then ||A7z| = 1 for all j, 0 < j < k. We now check that A*+1z = 0.

Assuming otherwise that |]Ak+1:v|| >0, let uy = [uyg ... Ut,k+2]T in CF2 @ C",
where
V1—12 k41 e
mfl xXr lf ] = 1,
utj =

t ki2sm(%;2”A”¢”m if j=2,...k+2

for any t, 0 < t < 1. Note that

2 . . 27 _(k+ D))"
1n Sin oo SIN ——m
Virz |™Mer2 "Mkt k+2

is a unit vector in C**1 with (Jy1v,v) = cos(m/(k-+2)) (cf. [8, Proposition 1 (3)]).
Hence ||Jug]| = ((1 — %) + 2||v||>)*/? = 1, and

2 o7
(T2 @ A)ug,up) = tﬂ\/gsm mHAkaH

v

k . .
2 g . (+ D .
N L
i=1

2 m
=t\y1—1t2 P12 sin 12 A || 4+ 2 (T, 0)

2 ™ ™
=t/ 1 — 12/ in —||AFFT 12 .
k—l—QSmk—i—QH x| + COSk—i—Q

13
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To reach a contradiction, we need to find some tg, 0 < tg < 1, such that ((Jyi1o ®
A)ug,, ug,) > cos(m/(k 4 2)). This is the same as

2 .07 k us
tO\/l—t%\/k+251anA || > (l—t%)cosk+2

or

to . k+2 cot 75

1—t2 2 [|AM|
Since lim;_,1- t/v/1 —t? = oo, the existence of such a ty is guaranteed. On the
other hand, we also have

T
(Jrt2 @ Augy, uty) < w(Jpt2 ® A) < || Jpp2|w(A) = w(A) = cos o

hence a contradiction. Thus we must have A**1z = 0. Let K be the subspace of C"
generated by z, Az, ..., A¥z. Then AK C K. If A’ is the restriction of A to K, then
AT — 0 and ||[AYz| = ||A%z|| = 1 for all j, 0 < j < k. Hence ||A"]| = 1 for all
such j’s. Together with AN = 0, this says that py, = k and thus dim K =k + 1

by Proposition 1.2 (a). Therefore, A’ is unitarily similar to a matrix of the form

[aij]f;f:ll with a;; = 0 for all 4 > j. Since 1 = A" = |ags - - a k+1|, we infer that
lai2| = - -+ = |ag k41| = 1, and thus all the other a;;’s are zero. Therefore, [aij]ﬁ;’:ll,

and hence A’| is unitarily similar to Jxy1. Then A is unitarily similar to a matrix

of the form

0
Jrt1
bi -+ bp_k—1
C1 *
0
L * Cn—k—1 i

To show that all the b;’s are zero, we appeal to Lemma 2.11. Indeed, for each j,

1 <j<n-—k—1, consider the (k + 2)-by-(k + 2) matrix

_ 0]
Jk+1
Aj = 0
b
i 0 ¢ |

Ifb; # 0, then w(A;) > w(Jg41) = cos(n/(k+2)) by Lemma 2.11, which contradicts

14
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w(A;) < w(A) = cos(n/(k +2)). This proves (a) = (b). O

Theorem 2.10 generalizes the classical result of Williams and Crimmins [17] for
k = 1. The following corollary is for k = n — 1. Part of it has been proven in [19]:
the equivalence of (b) and (c) is in [19, Theorem 1] and that of (b) and (d) in [19,
p. 352).

Corollary 2.12. The following conditions are equivalent for an n-by-n matriz A

with || Al = 1:

(2) A" = 1 and w(A) = cos(r/(n+1)),
(b) A is unitarily similar to J,,
() W(A) ={z€C:[z] <cos(n/(n+1))},
(d) |A"Y| =1 and A™ = 0, and

)

() pa=na=n—1.

Proof. The equivalence of (a) and (b) is by Theorem 2.10. The other implications

are either in [19] or trivial. O

Note that, in the preceding corollary, the conditions that ||A|| = 1 and w(A4) =
cos(m/(n + 1)) for an n-by-n matrix A are not sufficient to guarantee that A be

unitarily similar to J,. One example is A = J,,_1 @ [cos(m/(n + 1))].

We end this section with a characterization of matrices A satisfying pa = na4.

This is related to the previous results.

Theorem 2.13. Let A be an n-by-n matriz with |A|| = 1. Then

(a) A satisfies pa = na (< 00) if and only if either (i) it has a unitary part, or
(ii) it is unitarily similar to a direct sum Jyy1 @ B, where k = py < oo and
Bl =0,_1_1, and

(b) if pa =na (< o0), then w(A® A) = w(A) holds, but not conversely.

Proof. (a) For the necessity, we may assume, in view of Proposition 1.2 (c), that

k =pa =na < oo and prove that A is unitarily similar to the asserted direct sum.

k+1

Since A1 = 0,,, A is unitarily similar to a block matrix A’ of the form [4;;]} =1

15
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with A;; =0 for 1 < j <4 <k + 1. Hence

0- 0 [T Aiina
|0 0
- 0 -
Since || A*| = ||A¥| = ||A||¥ = 1, we have | Hle A;it1]|| = 1. Let 2 be a unit vector

such that || ([T, Aisr1)a] = 1. Then [|(TTL; Aisr1)a| =1 for all j, 1 < j < k.
Let {e1,...,exs1} be the standard basis for C**1 and let z; = e; ® (Hf:j Ajiv1)x
if1 <j <k, and 2511 = exyr1 @ . Then z1,..., 2,1 are orthonormal vectors in
C", and A'zy =0 and A'zj = xj_; for 2 < j < k + 1. Thus if K is the subspace
generated by x1,..., 7541, then dimK = k+ 1, A/K C K, and the restriction of
A’ to K is unitarily similar to Jx,1. We infer from [|A’|| = 1 and A”"z;.1 = 0 that
K reduces A’, and thus A’ is unitarily similar to Jy41 @ B with B¥1 = 0.

For the converse, if A has a unitary part, then ps = ngq = oo by Proposition
1.2 (c). On the other hand, if A is unitarily similar to Ji; @ B with the asserted
properties, then A¥*1 = 0 implies that py < ny < k. But

1AM = 11781 @ BY|| = max{|[Ji, |l 1B} = 1 = || AlI*

and [|A*H| =0 < 1 = ||A||F*! together yield ps = na = k.

(b) If A has a unitary part, then w(A ® A) = w(A) by Proposition 2.1. On
the other hand, if A is unitarily similar to Jx41 @ B as in (a), then A ® A is
unitarily similar to (Jy+1 ® Ji4+1) B (Jr41 ® B) & (B® Ji4+1) @ (B ® B). Note that
w(Jg+1 ® Jgt1) = w(Jgs1) by Proposition 2.8, and

W(Jg+1 ® B) = w(B @ Jg+1) < || Je1]|w(B) = w(B) (1)

by Proposition 1.1. Since B¥*! = 0 and ||B|| < 1, [21, Lemma 3 (a)] implies
that B can be dilated to the direct sum of rank (I — B*B) copies of J,, for some
m < k+ 1. Thus w(B) < w(Jy) < w(Jgt1). Combined with (1), this yields
w(Jpr1 ® B) < w(Jgy1). Also,

w(B ® B) < | Blw(B) < w(B) < w(Jit1).

16
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Therefore,

w(A® B) = max{w(Jy+1 ® Ji11), w(Jp41 ® B),w(B® B)}
= w(Jr+1)
= max{w(Jp11), w(B)}
=w(A).
That w(A ® A) = w(A) does not imply pa = ny4 is seen by A = Jy @ [a], where

0 < |a] <1/2, in which case, ||A]| =1 and w(A® A) = w(A) = 1/2, but pa =1

and nyg = oo. ]

The final result of this section is conditions for a matrix A with p4 = n 4 so that

it be unitarily similar to a block-shift matrix
0 A

w=| 0 @)

with [[Ay -+ Ag| = [|A]l.

Proposition 2.14. Let A be an n-by-n matriz with pa = na = k < oo. If either
(a) k=1,n—2orn—1, or (b) n=2,3,4 or 5, then A is unitarily similar to the
block-shift matriz A" in (2) with ||A;--- Ag|| = ||A]|-

Proof. We may assume that ||A| = 1.

(a) If k = na = 1, then A? = 0,,. Hence A is unitarily similar to a block-shift
matrix of the form [2 f:)l] with || A1]] = [|4].

If k =pa=na=n—1 (resp., n —2), then Theorem 2.13 (a) implies that A is
unitarily similar to .J,, (resp., J,—1 @[0]). The latter matrix plays the role of A’ with
k=n—1 (resp.,,n —2) and A =--- = A,_1 = [1] (resp., Ay = - = A3 = [1]
and A,_2 =[1 0]).

(b) In light of (a), we need only prove for n = 5 and k = 2. Invoking Theorem
2.13 to obtain the unitary similarity of A and J3&® [2 Z] , where |b| < 1. The latter

matrix is permutationally similar to a block-shift matrix A’ with k =2, Ay = [1 0}
0b

17
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and Ay = H . We obviously have || A1 A; = | H |=1=|A4]. 0
0 0
We remark that the preceding proposition fails for n = 6 and k = 2. Here is an

example. Let A = J3 ® B, where

011
B=b|001
000

with b = 1/2/(3 4+ +/5). Then ||A2%|| = 1 = ||A||?> and A% = 0g. This shows that
pa = na = 2. Since w(B) = 2b > v/2/2 = w(J3) and w(B) is not a circular disc
centered at the origin (cf. [13, Theorem 4.1 (2)]), we infer that nor is W(A) (= the
convex hull of W (J3) UW(B)). This implies that A cannot be unitarily similar to

a block-shift matrix.

3. Nonnegative Matrices

Recall that a matrix A = [aijmjzl is monnegative (resp., positive), denoted by
A =0 (resp., A > 0), if a;; > 0 (resp., a;; > 0) for all 7 and j. Two n-by-n matrices
A and B are permutationally similar if there is an n-by-n permutation matriz P
(one with each row and column has exactly one 1 and all other entries 0) such
that PTAP = B. A is said to be (permutationally) reducible if either A is the
1-by-1 zero matrix or n > 2 and it is permutationally similar to a matrix of the

form Jj g , where B and D are square matrices; otherwise, it is (permutationally)

irreducible. It is known that if A is nonnegative with Re A irreducible, then it is
permutationally similar to a block-shift matrix if and only if its numerical range is a
circular disc centered at the origin (cf. [16, Theorem 1 (a)<(r)]). Other properties

of nonnegative matrices can be found in [11, Section 6.2 and Chapter 8|.

The main result of this section is the following theorem, which essentially gen-

eralizes Theorem 2.5.

Theorem 3.1. Let A be an n-by-n matriz and B an m-by-m nonnegative matrizc

with Re B irreducible. Then the following conditions are equivalent:

(a) w(A® B) = [|Allw(B),
(b) either (i) pa = oo, or (ii) np < pa < oo and W(B) is a circular disc centered

at the origin, and

18
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(c) either (i) pa = o0, or (ii) np < pa < 0o and B is permutationally similar to

a block-shift matrix

0 By

with k = npg.
For its proof, we need the following two lemmas.

Lemma 3.2. Let A = [aijmjﬂ be a nonnegative matriz. Then the following hold:

(a) The index na is finite if and only if there is no sequence of indices
10,01,y ik—1,0 (kK > 1) with ig = i such that a;yi,,...,a; . are all
nonzero. In particular, we have ny = sup{k > 1 : there are distinct i;,0 <
j <k, such that a;;,,, # 0 for all j}.

(b) na = oo if and only if there is a k > 1 such that some diagonal entry of A*
18 nonzero.

(¢) If aj; # 0 for some i, 1 <i<n, then ny = cc.

(d) If A is irreducible, then nyg = oo.

(e) If A is the block-shift matriz

on C"=C"@®..-@C+

0

Nk+1

and Re A is irreducible, then k = ny.

Proof. (a) Assume first that the indices ig,i1,...,ig—1,ix = o (kK > 1) are such
that ajyi,y ... a4, # 0. [11, Theorem 6.2.16] says that this is the case if and
only if (A*);i,, the (ig,ig)-entry of A¥, is nonzero. Hence A* # 0,. Similarly,
considering the sequence i, ..., 0, 41, ,0ky---,%1,- .., of £k+ 1 indices for any
¢ > 1, we also obtain A* = 0,,. Tt follows that ns = co. Conversely, assume that
na = oo. Then A* # 0, for some k > n. [11, Theorem 6.2.16] yields that, for some
¢ and 7, there are indices ig = ¢,%1,...,%—1,% = j such that a;,,...,a:_,:, are
all nonzero. By the pigeonhole principle, we infer that i = 4; for some s and ¢,

0<s<t<k Theni,...,i are such that i; = 4; and a; 4 .y @i,_,q, 7 0. This

s419 0t
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proves the converse. The expression for n 4 is an easy consequence of [11, Theorem

6.2.16] and the above arguments. So are (b) and (c).

(d) Note that the irreducibility of A is equivalent to the existence, for every
distinct pair ¢ and j, of indices iy = 4,41,...,ik—1,9% = j (k > 1) such that
Qigiys - - - Qij,_,i, are all nonzero. Combining such indices from ¢ to j with those
from j to i yields one from ¢ to ¢ with the corresponding entries nonzero. Thus

na = oo by [11, Theorem 6.2.16] and (b).

(e) Since A**1 =0, wehave ny < k.If ny < k, then A* = 0,,, which implies that
Ap -+ A = 0. If there are any nonzero a;yi, , i iy, - - -  Qij,_,iy, Where (Z§:1 n;)+1 <
1 < Z?i} nj for 0 < ¢ <k, then the (ig,ng41 — (n — ix))-entry of Ay --- Ay, being
larger than or equal to Hf;é ;i is nonzero, which contradicts the zeroness of
the product Aq --- Ag. Thus no such nonzero sequence exists. This results in the

reducibility of Re A, a contradiction. Hence we must have ny = k. O

We remark that the conditions in the preceding lemma can all be expressed
equivalently in terms of the directed graph associated with the matrix A (cf. [11,
Section 6.2]).

Lemma 3.3. Let A and B be n-by-n and m-by-m matrices, respectively. If B is

unitarily similar to a block-shift matrix

on C"=C"™q@-.-¢C"™* (3)
B,

0mk+1

with k < pa < oo, then w(A® B) = || A||w(B).

Proof. We may assume that ||A|| = 1 and B is equal to the block-shift matrix

(3). Since k < pa < oo, we have ||A¥|| = ||A|¥ = 1. Let = be a unit vector
in C" such that ||[Afz|| = 1, and let y = [y1 ... ygs1]T, where y; is in C™,
1 < j < k+1, be a unit vector in C™ such that |(By,y)| = w(B). Let u =
[y1 ® AFz yo @ AF 1z ... ypy1 @ 2]T. Then u is a vector in C™ ® C" with

k+1 ' kt1 '

lull = QO llyy © AP 22 = (3 lys 1?1457+ )12
=1 =1
k+1
= Iy 132 = lyll = 1.
j=1

20
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Moreover, we have

(B & A)u, u)

Omln B ® A

Omgn

1 @Ak | [ oAk ]
Yo @ AF g Yo @ AF g
By ®A : ’ ' >
Ompian | L Ykt1 Kz | | Yk+1 QT |

tensor product

= 1D _{(Bjyj1) © (A" ),y @ (AT )|

This shows that w(B) < w(B®A) = w(A®B). But w(A® B) < ||Allw(B) = w(B)
always holds by Proposition 1.1. Hence w(A ® B) = w(B) as asserted. O

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. For (a) = (b), We assume that ||A|| =1 and A is c.n.u. In
view of Theorem 2.2 and Proposition 1.2 (c), we need only check that w(A® B) =

w(B) implies np < pa (< o0
C™ ® C™ such that w(B® A) = (B A)z,z)|. If v = [x1 ...

in C" for 1 < j < m, then

). Let B = [b;;]{";_;, and let z be a unit vector in

Tp)T, where z; is

w(B) = w(B® A) = [([bijAlz, z)]

<3 byl(Auj, )|

1,J
<> bl Ay | [l (4)
1,J
< AN bl 1] (5)
1,J
< (Ba',a')
< w(B), (6)
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where 2’ = [||z1]| ... ||7m/|]T is a unit vector in C™. This shows that the above
inequalities are equalities throughout. Since B = 0 and Re B is irreducible, there
is a unique unit vector y in C™ with y > 0 such that (By,y) = w(B) (cf. [14

Proposition 3.3]). The equality in (6) yields that 2’ = y and thus z; # 0 for all j.
Also, the equalities in (4) and (5) imply that [(Axj, z;)| = [|Az;||||lzi]] = ||z;||||2:]]
for all those b;;’s with b;; > 0. Thus Az; = X\jjx; for some \;; satisfying |\;j| =
llzj|l/llzi]|. Assume first that k = np < oo. Thus B* # 0,,. By Lemma 3.2 (a),
> 0. It thus follows

from above that Ax;, = A;,_,s,2;,_, for 1 < j < k. Hence Akg, = (]_[?:1 Nij_1i;)Ti-

there are distinct indices g, ..., %, such that b;,,..., b _,i,

Since

k
k [, |
A%, || = H Ll || = Nl I,

;.

we obtain ||A¥|| = 1 or p4 > k = np. On the other hand, if ng = oo, then the same
arguments as above with k arbitrarily large yield that ps = oo, which contradicts

our assumption that A is c.n.u. This proves (a) = (b).

That (b) < (c) is a consequence of [16, Theorem 1 (a)<(r)], and (c) = (a) is by
Lemma 3.2 (e) and Lemma 3.3. O

Note that, in Theorem 3.1, the implication (a) = (b) or (a) = (c) is no longer
true if B is nonnegative but without the irreducibility of Re B. One example is
A =B = Jy® [a], where 0 < a < 1/2 (cf. the end of the proof of Theorem 2.13
(b)). The next example shows that the same can be said if B is not nonnegative
but Re B is irreducible.

Ezxample 3.4. Let A = J3 and

0—v2 1
B=10 0 1
0 0 +2/2
Then Re B is easily seen to be irreducible. We now show that W (B) = D. This is

seen via [13, Corollary 2.5] by letting u = 0 and A\ = v/2/2 therein and checking
that

00 0
tr(B*B*) =tr [00 1 |=
00+2/4

f 2
——)\)\
==
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and tr (B*B) = 9/2 > 5|\|?, where tr (-) denotes the trace of a matrix. We next
prove that 1 is an eigenvalue of Re (A ® B). Indeed, since

03 B 03
1
Re(A@B):5 B* 03 B |,
03 B* 03
we need to check that
2I3 —B 03
det | —B* 2I; —B| =0.
03 —B* 213

By a repeated use of the Schur decomposition, the above determinant is seen to be

equal to

_B*
03

o; —B
—B* 214

det (213) det (

(31) [-B %Q

(215 — (1/2)B*B —B
I ~B* 213
— 8det (413 — B*B — BB*)
1 -1 V22
= 8det -1 1 V2/2
—V2/2v2/2 1

= 8det

=0

as required. Since W(A® B) is a circular disc centered at the origin (by the unitary
similarity of A® B and ¢?(A® B) for all real §) and w(A® B) < | A||w(B) = 1, we
infer from 1 € o(Re (A®B)) that W(A® B) = D. Hence w(A® B) = 1 = ||A||w(B).

But, obviously, we have np = oo and py = 2. ]

The next corollary gives a more concrete equivalent condition, in terms of block-

shift matrices, for w(A® B) = ||A||w(B) when A = B = 0 and Re B is irreducible.

Corollary 3.5. Let A be an n-by-n nonnegative matriz with Re A irreducible. Then

the following conditions are equivalent:

(a) w(A ® A) = | Alw(4),
(b) pa=na (< 00), and

(c) either A is unitarily similar to [a]®A" with |a| > ||A'||, or A is permutationally

23



July 23, 2013

Linear and Multilinear Algebra tensor product

similar to a block-shift matriz
0A;

A// _

with [|Ay - - - Ayl = [|A]].

Proof. We may assume that ||A|| = 1. The implication (a) = (b) is by Theorem 3.1
and Proposition 1.3 (d). For (b) = (c), if p4 = na = oo, then A has a unitary part
by Proposition 1.2 (c), and hence A is unitarily similar to [a] ® A’ with |a| =1 >
||A’|| as asserted. On the other hand, if p4 = na < oo, then w(A ® A) = w(A) by
Theorem 2.13 (b). Hence Theorem 2.2 implies that W (A) is a circular disc centered
at the origin. For a nonnegative A with Re A irreducible, this is equivalent to A
being permutationally similar to the block-shift matrix A” (cf. [16, Theorem 1
(a)e(r)]). As ngr = k by Lemma 3.2 (e), we also have py = k. Thus ||A*|| =
| A|I¥ = 1, which yields that ||A1 --- Ag|| = 1 = ||A|| as required. Finally, for (c) =
(a), if A is unitarily similar to [a] & A" with |a| > ||A’||, then w(A ® A) = w(A) by
Lemma 2.1. On the other hand, if A is permutationally similar to the block-shift
matrix A” with ||4; -+ Ag|| = 1, then

k
1AM = A = | Ar - Agll = 1 = [|A]I*.

Thus pg > k = ny. The equality w(A ® A) = w(A) then follows from Theorem
3.1. O

Corollary 3.6. Let A = [a;j] where a;; > 0 for all i and j, a;; =0 fori > j,

ij=11
and a; ;41 > 0 for all i. Then the following conditions are equivalent:
(a) w(A®A) = [[Alw(A),
(b) pa=na=n—1, and

(c) a12 =+ = an—1,n and a;; =0 for all other pairs of i and j.

Proof. In this case, A is nonnegative, Re A is irreducible and ng4 = n — 1. Con-
sequently, Corollary 3.5 yields the equivalence of (a), (b) and the condition (c’)
that A is permutationally similar to a block-shift matrix A” as in Corollary 3.5
(c). Since k = na» = na by Lemma 3.2 (e), A” is necessarily equal to A with

lai2 - - an—1.n| = ||A| and a;; = 0 for all other pairs of ¢ and j. The norm condition

24
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above yields that a1z = -+ = ap—1,, = ||A||. Thus (¢’) is the same as (c), and we
have the equivalence of (a), (b) and (c). O
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A n x n complex matrix

(1) W(A) = {(Ax,x) : x€ C", ||x|| = 1}: numerical range of A

T oy=1[yy"

X = [x1...Xp]
= (xy) =xiy1 + + XV,

Ixll = (xal? + - - =+ [xa[*) /2

(2) w(A) = max{|z| : z€ W(A)}: numerical radius of A
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Properties:

(1) W(A) nonempty compact subset of C
(2) U unitary = W(U*AU) = W(A)

(3)A%[f :]:>W(B)QW(A)

(4) e W(A)(:)A%[/\ *]

k%

(5) Toeplitz—Hausdorff (1918-19):
W(A) convex

(6) o(A) € W(A)

(7) W(A® B) = (W(A) U W(B)}

(8) A normal = W(A) =o(A)

(9) 1All/2 < w(A) < [|A]l (= max{||Ax]| : x € C", ||x]| = 1})
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A= [aij],r'.',j:h B = [bUm:1

A® B = [a;B|];_; (mn) x (mn)
(1)A12A2:>A1®82A2®B
2)A®B=ZB®A

(3) [IA® Bl = [|AlllB]

Pei Yuan Wu (%557T) Numerical Radii of Tensor Products
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(4) W(A® B) 2 W(A)W(B)
Pf.: Let A € W(A)

*  *
:>A®B§[)\B *]
* %

= W(A® B) D AW(B) VA € W(A)
= W(A® B) D W(A)W(B)
(5) wW(A® B) > w(A)w(B)
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(6) A normal = W(A® B) = (W(A)W(B))
Pf.. -.- A= diag (a1, ..., an)

al
= WA® B) = W[ ®B)=WaB®---® anB)
an
= (U; W(a;B))
= (MAW(B)}
(7) A normal = w(A® B) = w(A)w(B) = ||A||w(B)
(8) w(A® B) < |A|w(B)
Pf.: May assume [|A]| =1
A (I, — AA")1/2
(I — A*A)L/2 _AF
= W(A® B) < w(U® B) = ||U||w(B) = [|Alw(B)

U= unitary (Halmos, 1950)
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Questions:
(a) When w(A® B) = w(A)w(B) ?

(b) When w(A® B) = ||A|w(B) ?
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(a) w(A® B) = w(A)w(B)
Prop. w(A® B) = w(A)w(B) = w(A) = p(A) or w(B) = p(B)
Def. p(A) = max{|\| : A € o(A)}
Pf.: Let a € W(A) 5 |a| = w(A)
Let b€ W(B) 5 |b| = w(B)
May assume a= b =1

LA 1 B = Lo by Lma below
e te=] ] Grimebe
:>A®BN[ ; f]
A®B: (Aw(B) = 1
oo o ® v

= u* ®v**0
=u"=0o0r v =0
=1€o0(A)orlea(B)
— w(A) = p(A) or w(B) = p(B)
i
Lma. A= [ w(A)e u} = v=—uet

|4 *

Pei Yuan Wu (%557T)
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Note. w(A) = p(A) & w(B) = p(B) # w(A® B) = w(A)w(B)

Ex.A|:

Then w(A) = p(A) = ||

o O >
O OO
O =IO

], 1/2 < |\ < v2/2

0 1

But W(A®A):W(|: 00

}) 12> [A]2 = w(A)?

Prop. w(A) = ||A|| or w(B) = ||B|| = w(A® B) = w(A)w(B)
In parti., A or B normal

Pf.. - w(A)w(B) < w(A® B) < ||A||w(B)

Pei Yuan Wu (%557T) Numerical Radii of Tensor Products July 2-5, 2013



Prop. W(A® B) = w(A)w(B) & A= [N\ A,
where |A| = w(A) = p(A) &
w(A' ® B) < |A\|w(B)
or A & B switched

Prop. W(A® B) = w(A)w(B) VB A= [\ @ A,
where [\ = w(A) = ||A||
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(b) w(A® B) = [|Allw(B)

Note: ||A| <1= A= U® A, where U unitary & A’ c.n.u.
Prop.1. A nx n, |A|]| =1, A has unitary part, B m x m

= w(A® B) = w(B)
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J, = n x n Jordan block

= W(J,) = %z €C: |z <cos(m/(n+1))}
Prop.2. W(J, ® Jm) = W(J)), where | = min{n, m}
W(Jp @ Jpm) = min{w(J,), w(Jm)}
o
0 0
0 0

Ex. Z® b=

o OO O
O OO <

O OO O
O OO

= Jy is submatrix of J3 ® J

Pei Yuan Wu (%557T) Numerical Radii of Tensor Products July 2-5, 2013



Prop.3. Anxn, B= h . 1Al = || A% = 1
. B
Then w(A ® B) = ||A||w(B)
Pf: Let x€ C"be 5 ||x|| = 1 & ||Akx|| = 1
Let y = [y1-.yka]” 2 Iyl =1 & [(By, y)| = w(B)
Let u=[y; ® A% y, @ A" Ix .y @7
Then [[u]| =1 & [((B® A)u, u)| = [(By, )| = w(B)
= w(B) < w(BR A) = w(AR® B)
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Thm.l. Anxn, |[A]=1, Bmxm, w(A® B) = w(B)
Then either A has unitary part
or A c.n.u. & W(B) = circular disc at 0

Sketch of Proof.

(1) May assume A c.n.u.
Dilate Ato A/ @--- @A, AeS (I<n)
—
rank (I, — A*A)
(2) May assume A € S,
Dilate A to infinitely many (n+ 1) x (n+ 1) unitary U; >
o(U)nao(Uj) =¢ Vi#]
(3) Anderson (1970s):
B mxm, W(B) CD (circular disc) & #(0W(B) N dD) > m
= W(B) =D
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Anxn Bmxm
Def. A dilates to B if B~ [i‘ :]

(A compression of B; B dilation of A)

Necessarily, n < m & W(A) C W(B)
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Anxn
Def. A S, if |A <1, c(A)CD={zeC: |7 <1} &
rank (I, — A*A) =1
finite-dim version of S(¢): Sarason (1967)
Sz.-Nagy—Foias contraction theory (1960s—'70s)
Ex. A= J,

~[a VO-[aP)1-1[b?)
Ac S e A 0 b .

where |a|, |b] <1
Thm. A€ S, ThenV |[A| =1, 3 unique (n+ 1) x (n+ 1) unitary
U>s
(a) A dilates to U,
(b) t(OW(A) N OW(U)) = n+1,
(c) Aea(U).
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Thm.2. Anxn, ||A||=1. Then the following are equiv.
(a) WA® Jm) = W(Jm),
(b) WA® Jm) = w(Jm),
() A® Iy = Jy @ B for some B > w(B) < w(Jp),
(d) lA™ ] =1.
Moreover, for n = m, also equiv. to:
(e) either A has unitary part or A € S,,,
(f) |A%| = 1 Yk > 1 or JA" L] =1 & ||A"|| < 1.
Main parts: (b) = (c) & (d) = (¢)
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Thm.3. Anxn, ||A|=|AX|=1 for some k> 1
Then w(A) > cos(m/(k+ 2))
Moreover, the following are equiv.:
(a) w(A) = cos(m/(k+2)),
(b) A= Jiy1 © B, w(B) < cos(m/(k+ 2)),
(c) W(A) ={z€ C: [z < cos(r/(k+2))}.
Proof for ">": w(A) > W(A® Ji1) = w(Jiy1) = cos(m/(k+ 2))

Main part: (a) = (b).

Pei Yuan Wu (%557T) Numerical Radii of Tensor Products July 2-5, 2013

18 / 25



Special case: k=1 (Williams & Crimmins, 1967)
w(A) > [|All/2
Moreover, w(A) = ||A]|/2 & A= ||A||(L @ B), w(B) <1/2
Special case: k=n—1

A nx n, ||A|| =1. Then the following are equiv.:
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B= [bij]l,'g':l
Def. B 0 if by > 0 Vi, j
B (permutationally) reducible if either B = [0] or

D
B is permutationally similar to [ ] (C, E square matrices)

0 E
Otherwise, B (permutationally) irreducible
Ex. J, reducible
ReJ, ( = (Jn+ J5,)/2) irreducible

Pei Yuan Wu (%557T) Numerical Radii of Tensor Products July 2-5, 2013
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Thm4. Anxn Bmxm, Bx=0 & ReB irreducible
Then w(A® B) = |A||w(B) &

either ||AX|| = ||A||% Yk > 1 or B is permutationally similar
0 B
to block-shift matrix 0 with [|A/]| = ||A]|!
. B,
0

Tam & Yang (1999):
B mx m, B> 0 & ReB irreducible
Then B permutationally similar to block-shift matrix

< W(B) = circular disc at 0.
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Note 1. False if B »= 0, but ReB reducible

0 1
Ex. A=B=|0 0 ,0<a<1/2
a

Then w(A® B) = 1/2 = |A||w(B)
But B not permutationally similar to block-shift
Note 2. False if B 0 with ReB irreducible
,ﬂ 1
0 1
0 V2/2
Then w(A® B) =D = W(B)

0
Ex. A=J3, B=| 0
0

~wWA®B)=1=|A|wB)

But B not permutationally similar to block-shift
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Note: Any operator A dilates to normal N (Halmos, 1950)

A (I— AAM)1/2

: <

is unitary

Prop. A dilates to normal N > a(N) C o(A) Then

(@) [IAll = IN]| = p(N) = p(A) = w(N) = w(A),
(b) W(A) = W=U(N)A=U(A)?

(c) MA® B) = (W(A)W(B)) ¥

(d) w(A® B) = w(A)w(B) = [|A||w(B) VB

Ex. A subnormal (extended to normal N: N = [ é\ : ] ),

A Toeplitz (Af= P (¢f)|H? on H*: ¢ € L=(0D)),
W(A) = triangular region (Mirman, 1968)

Pei Yuan Wu (5357T) Numerical Radii of Tensor Products July 2-5, 2013

23 /25



Def. A hyponormal if A*A > AA*
.". A hyponormal < A subnormal <= A normal
Thm. A hyponormal = A dilates to normal N
s0(N) Co(A)Na(A) Co(A)
Pf.. Use Sz.-Nagy—Foias theory
Cor. A hyponormal = w(A® B) = ||A||w(B) = w(A)w(B) VB
Note 1. Confirms Shiu’s conjecture (1978)
Note 2. A hyponormal, Toeplitz or W(A) = triangular region
+ w(A® B) = w(A)||B|| VB
Ex. A as above
B=J,
Then w(A® B) = w(A)w(B) < w(A)| B
cos(7r/(J1|—|— 1)) ’1|
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I. Numerical Range
A n x n complex matrix
Numerical range of A:
W(A) = {(Ax,x) : x€ C", Ix] = 1}
Numerical radius of A:
w(A) = max{|z| : z€ W(A)}
x=[xt, 0, %]y Y= 1[V1, s Vo] "

= (%y) =Xy + -+ XnY,

Ixll = (xal? + -+ =+ [xa[*) /2
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Properties:

(1) W(A) nonempty compact subset of C
(2) U n x n unitary = W(U"AU) = W(A)

(3) Toeplitz-Hausdorff (1918-19):
W(A) convex

(4) o(A) € W(A)
(5) [[All/2 < w(A) < [|A]l (= max{[|Ax]| : x & C", |[x]| = 1})
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II. KMS Matrix

(Upper-triangular) KMS matrix:

0 a a et
0 a :
Jn(a) = TR T (n>1,a€C)
a
L 0 .

Kac, Murdock & Szego (1953):

Poisson kernel:

Pa(6) = Re (1£25) = e

1—aei® 1—2acos 0+a?

0 .
= Y aMe (0<a<1,0<6<2n)

k=—o00
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Harmonic extension of f& L'(9D)
flae?) = L 02” P,(0 — t)flet)dt onD={zeC:|z <1}

nth Toeplitz matrix:

1 a coo an_l
a 1
=2 Re Jy(a) + In
a1 a 1
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General question:

What can we say about W(J,(a))?

Note: J,(a): meeting ground of

nilpotent matrices,
Toeplitz matrices,
nonnegative matrices,
S,-matrices,

S, !-matrices.
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Lma. (1) |a| = |b] = Jn(a) = Jn(b) (unitarily similar)
2) a,b# 0= Jp(a) = Jn(b) (similar)

3) W(J,(a)) symmetric w.r.t. x—axis
)

4) n>2,a# 0= Jy(a) irreducible (J,(a) Z A® B),
0 € Int W(Jn(a)),
OW(Jn(a)) differentiable

(5) lal < [b] = W(Jn(a)) C W(Jn(b))

Note: (1) = may assume a > 0
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III. Circular Disc
Thm. W(J,(a)) is circular disc (centered at 0) < n=2& a#0
Pf.: "<

J2(a) = [ 8 8 }

= W(Jh(a)) ={ze C: |z < |a/2}
="
Kippenhahn polynomial of n x n A

pa(x,y,z) = det (xRe A + ylm A + zl,)
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Then pu(1,i,—z) = det (A — zl,)
zeros are eigenvalues of A
pa(cosf,sinf, —z) = det (Re(e " A) — zl,)

max zero is distance from 0 to supporting line of W(A)

W(A)
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"=" Assume n > 3
Let W(Jn(a)) ={z€ C: |z <r}

Bézout = q(x,y,2) = 22 — P(x* + y?) divides p(x, y, 2)

—_— p (X7.y7z)
Let r(x,y,z) = rear
. _ pa(1,y,0) _ det(ReA+ylmA)
Ly, 0) = G558 =~ =20
computation = = (—1)" 5 a*"~2

= W(Jn(a)) = {0} not circular disc —+
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IV. S,- and S, '-matrix
Def. A n x n of class S,, if

(1) Al <1,
(2) 0(A) € D, and
(3) rank (I, — A*A) = 1.

Finite-dim version of S(¢) : Sarason (1967)
Sz.-Nagy—Foias contraction theory (1960s—'70s)

Def. A nx nof class S, if

(1) o(A) CC\D, and
(2) rank (I, — A*A) = 1.

Gau (2010)
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Prop. (a) 0 < |a| < 1= ((1 — |a|?)/a) Ju(a) — al, is of class S,
(b) la| > 1= ((1 - |a|?)/a) Jn(a) — al, is of class S, !

Cor. A€ S,or S.1, o(A) = {\}
Then the following are equiv.:
(a) W(A) is circular disc,
(b) OW(A) contains an elliptic arc, and

(c) n=2o0r A=0.

July 15-18, 2013
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V. Boundary Line Segment
Thm. OW(Jn(a)) contains line segment < n >3 & |a| = 1.
Pf.: Via S,- & S, '-matrices

Ex.1.
0 1 1
A== ©
1
0

(1) W(A) symm. w.r.t. x-axis

(2) (-=1/2) I, < ReA < ((n—1)/2) In

(3) OW(A) has exactly one line segment on x = —1/2

(4) dist(0,0W(A)) = 1/2 & attained at exactly one pt (—1/2,0)
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W(Js(a)) =
if |[a| =1,

(oval)
if |a] # 0, 1.

Pei Yuan Wu (5557 Numerical Ranges of KMS Matrices
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VI. Compression

Amxm, Bnxn

Def. A is compression of B (or B is a dilation of A) if
B~ [ A % ]
L
Necessaily, m < n & W(A) C W(B)

Thm.l. 1< m<n, a#0, A mx m compression of J,(a)
= W(A) & W(Jn(a))
Pf.: Via S,- & S, '-matrices
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A

Thm.2. n>2/|a| #0,1, Jy(a) = [ .

:],Amxm(1§m<n)
= W(A) C Int W(J(a))
Cor. 1< m< n,l|al #0,1= W(Jn(a)) C Int W(Jn(a))

Lma. a# 0,x€ C",||x|| = 1 > (Un(a)x, x) € IW(Jn(a)), not on line
segment

= x cyclic vector for J,(a).
Def. x cyclic for n x n A if \/{x, Ax, ..., A""1x} = C"
Pf. of Lma.:
|la| # 1: via Sy~ & S, '-matrices
|a| = 1: separate arguments

Thm.3. n> 2,|a < |b| = W(J,(a)) C Int W(J,(b))
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VII. Principal Submatrix
Anxnl<j<n

Alj] = (n—1) x (n— 1) submatrix of A by deleting its jth row
& jth column

Thm. n>2/]a| #0,1,b=mino(Re Jy(a)), 1 <j<n
= OW(Jn(a)) NOW(Jp(a)[j]) = {b} if nis odd, j=(n+1)/2
& |a| > 1; otherwise, W(Jp(a)[J]) C Int W(J,(a))
Note: (1) |a| = 1= dW(Js(a)) NOW(Js(a)l]]) = {-1/2} Vj

(2) n>4,|al = 1= OW(Js(a)) NOW(Jn(a)[)])
= line segment on OW(J,_1(a))Vj
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11
Ex. J3(1) = 0 1
0

W(J5(1))

W(J3(DIj1)
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More generally,

Thm. A S,-matrix n > 2
(1) Bmx m (1 < m < n) compression of A= W(B) & W(A)

(2) A=A = [ay]]y, laul <1 Vi,

—1 — 0 o 0
o= { W= 12020 = |32 T () i<
y 0 if i> .

= W(A'[]) C Int W(A) Vj
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Lma. Anxn
(1) dim \/{x € C": (Ax,x) = a||x||*} = 1 Va € OW(A)
&\ {x€ C": (Ax,x) = a||x||?,a € OW(A)} = C"
B mx m (1 < m < n) compression of A
= W(B) & W(A)
(2) x= [x1, .., xa] T € C", ||x|| = 1, (Ax,x) € OW(A) = x; # 0V
Then W(A[]]) C Int W(A) Vj
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Note 1. Ac S-1. B mx m (1 < m < n) compression of A
= W(B) & W(A)

Note 2. Thm.1 true for A € S, with o(A) a singleton

False for general S, !-matrices

2 2v/3 6-—12i
Ex. A=| 0 1+2i 43 € 5:;1 in standard form
0 0 2—3i

W(A[j]) C Int W(A) Vj
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VIII. Zero-dilation Index
Anxn

zero-dilation index of A:

d(A)zmaX{kZLA%[ik *}}

*

Gau. Wang & Wu (?)

A normal or weighted permutation matrix with zero diagonals

rank-k numerical range of A

Ak(A>={Ae<c:Ang

Li-Sze characterization (2008):

Ak(A) = QQ]R{)\ € C: Re(e ™)) < M\ (Re (e77A)) }

In parti., d(A) = min{i>o(Re(e"?A)): 6 € R}
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B n x n Hermitian matrix:

A (B) > -+ > A\p(B): eigenvalues of B

i>0(B) = no. of nonnegative eigenvalues of B
Thm. n>2,ae C
= d(Jn(a)) = i>0(ReJdn(a))

n ifa=0,

k if cos (kr/(n—1)) < |a] <cos ((k—1)7/(n—1))
(1< k< [n/2)),

1 if |a] > 1.
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A, B n x n Hermitian
Def. A & B are congruent if 3 invertible X 5 XAX* = B
Sylvester’'s law of inertia:
A, B congruent = d(A) = d(B)

Lma. 1. n>2 & a# 0= Re (e %J,(a)) congruent to H,(a, )
Vo eR
—2|a|cosf 1
1

—2|alcosf 1
1 0
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Lma. 2. n>3, a€C, 0 R

(1) 0 € 0(Hp(a,0)) < |a|cos@ = cos((jm)/(n—1)), 1 <j< n—2.

(2) i>0(Hn(a,0)) = i>o((ReJn—2) — (|a cos ) /n—2) + 1
(3) izo(H,,(a, (91)) S izo(Hn(a, (92)), 0 S 91 S (92 S .
Pf. of Thm:

d(Jn(a)) = izo(Hn”(aa 0)) = i>0(ReJs(a))
I'Z()((Re.fn_g) — (]a| Cos 9) /n_g)

I
(k—1)+1

I
k
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A n x n complex matrix

(1) W(A) = {(Ax,x) : x€ C", ||x|| = 1}: numerical range of A

T oy=1[yy"

X = [x1...Xp]
= (xy) =xiy1 + + XV,

Ixll = (xal? + - - =+ [xa[*) /2

(2) w(A) = max{|z| : z€ W(A)}: numerical radius of A
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Properties:

(1) W(A) nonempty compact subset of C
(2) U unitary = W(U*AU) = W(A)

(3)A%[f :]:>W(B)QW(A)

(4) e W(A)(:)A%[/\ *]

k%

(5) Toeplitz—Hausdorff (1918-19):
W(A) convex

(6) o(A) € W(A)

(7) W(A® B) = (W(A) U W(B)}

(8) A normal = W(A) =o(A)

(9) 1All/2 < w(A) < [|A]l (= max{||Ax]| : x € C", ||x]| = 1})

Pei Yuan Wu (%557T) Explorations in Numerical Ranges July 20-23, 2013



Question 1. Given A, what can we say about W(A) ?
Question 2. Known W/(A), what can we say about A 7

Question 3. Which bdd convex A C C is W(A) for some A?
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Ex.1.

it

= W(A) = elliptic disc with foci a, ¢ & minor axis of
length | b]

Pei Yuan Wu (%557T) Explorations in Numerical Ranges July 20-23, 2013 5 /26



Ex.2.

= W(A) = polygonal region with some of the a;'s

as vertices
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Ex.3.

A=J,= h (n x n Jordan block)

= W/(A) = circular disc centered at 0 & radius
cos (m/(n+1))
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(I) J. Anderson (early 1970s):

Condition for W(A) = circular disc
(II) J. Holbrook (1969):

Inequality of w(AB) for AB= BA
(III) J. P. Williams & T. Crimmins (1967):

Condition for w(A) = ||A||/2
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D={zeC:|z <1}

(I) J. Anderson (early 1970s):
Thm. Anxn, WA) CD & # (OW(A)NID) > n= W(A) =D

Pf. (Wu, 1999)
WA CD < Re(e A<, VOER
Let p(e?) = det (I, — Re (e PA)) V@
Then p(e?) = a,e7M + ...+ a1e® + a9+ a1e? + - + a,e™

>0 V6

Moreover, € € OW(A) < p(e?) =0

- p(e?) = |q(e”)|? for some poly. g of deg.< n (Riesz-Fejér,

1916)

H# (OW(A)NID) > n = p(e?) =0 for more than n f's
= q(e”) =0 for more than n 0's

& W(A) =D
YV finite matrix A

July 20-23, 2013

=qg=0 =p=0
Cor. {zeD:Rez>0}# WA)
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Generalizations:
(1) Gau & Wu (2004):
0 1

A= - B n X n companion matrix

_an DR _32 _al
W(A) D D (closed circular disc at 0),
#OW(A)NOD) >n=A=J,
(2) Gau & Wu (2006):
A compact, W(A) C D, #(OW(A) N D) = oo = W(A) =D
Idea: “analytic” branch of da() = max W(Re (e-"?A)), 6 € R
cda(f) <1 vV 0

da(f#) =1 for infinitely many 6's =da=1

Cor. {zeD:Rez>0}# WA) for Acompact
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(3) Gau & Wu (2008):

A nx n, W(A) DD, #(0W(A) N D) > n
= OW(A) contains an arc of 9D
Ex. A= |: 8 g :| e dlag (I’, rei@oj e ref(n—?))eo)
1< r<sec(n/(n—2)), g =27/(n—2)
= W(A) O D & dW(A) contains n — 2 arcs of oD

Pei Yuan Wu (%557T)
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(4) A nx nnilpotent, W(A) C D, #(0W(A) N D) > n— 2
= W(A)=D & *“n—2"is sharp:

01 0 - 0 1]
0 1 0
Ex. A,= . .- _ 0 nxn (n>3)
1
0

= W(A,) CD & #(OW(A,)NOD) =n—2
(5) A nx nnilpotent, W(A) D D, #(0W(A) N OD) > n— 2
W(A) =D if 2<n<4
OW(A) contains an arc of 9D if n>5
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(6) Wu (2011):

A nx n, W(A) = circular disc centered at a

= ais eigenvalue of A with 1 < geom. multi. < alg. multi.
Cor.1. A n x n similar to normal = W/(A) # circular disc

Cor.2. A n x n nonnegative & irreducible
= W(A) # circular disc

Cor.3. A n x n row stochastic = W(A) # circular disc

Cheung & Li (2013)
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(T)Anxn AZ A &+ @ Ar, W(A) = elliptic disc
= W(A)) = elliptic disc for some j

Pf.. - W(A) = (W(A1) U --- U W(Ax)) = elliptic disc E
pigeonhole principle = #(OW(A;j) N JE) = oo for some j

Anderson = W(A)) = E

Note. Generalize Tam & Yang (1999)
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(II) J. Holbrook (1969):
AB = BA = w(AB) < w(A)||B|, ||A||w(B)
Known:

(1) w(AB) < 4w(A)w(B) & "4" is sharp:

0 0 0 1 0 0
cea=[? 0] 520 2] ~as=[0 0]

S w(AB) =1, w(A) = w(B) =1/2
(2) AB= BA = w(AB) <2w(A)w(B) & "2" is sharp:

0 0 0 0

O = O O
_ o O
o O

w(AB) = w(A) = w(B) =1/2
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(3) True if A normal (Holbrook, 1969)
if AB=BA & AB* = B*A (Holbrook, 1969)
if A, B 2x2 (Holbrook, 1992)

(4) Crabb (1976):
AB = BA = w(AB) < (V2 +2V3/2) w(A)| B
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(5) Miiller, Davidson & Holbrook (1988):
Ex. A=Jy, B=B+ 1}
w(AB) = Al =1, |Bl| > v2
w(A) = w(B) = cos (7/10)
= W(AB) > | A|w(B), but w(AB) < w(A)| ]|

Holbrook & Schoch (2010): A, B 3x 3
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Wu, Gau & Tsai (2009) :
Thm 1. A€ S, AB= BA= w(AB) < w(A)|B|
But A€ S,, AB= BA = w(AB) < ||Allw(B)

Def. Ac S, if ||A| <1, o(A) CD & rank (I, — A*A) = 1
Ex.1. J, € S,

_ 2 _ 2
Ex2. A2x2 Then A€ S, < A S\/(l |3!b)(1 |61%)

where |a|, |b] <1
finite-dim version of S(¢): Sarason (1967)
Sz.-Nagy—Foias contraction theory (1960s—'70s)
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Cor. A quadratic, AB= BA = w(AB) < w(A)||B||

/]\
A2 + aA+ bl =0 for some a,be C

Unknown:
A quadratic, AB = BA = w(AB) < || A|w(B)

Known:
(1) Rao (1994):

A% = al, AB= BA = w(AB) < ||A||w(B)
(2) Gau, Huang & Wu (2008):

A>=0 or A2=A, AB=BA

= w(AB) < min{w(A)| Bl|, [|Allw(B)}

Pei Yuan Wu (%557T) Explorations in Numerical Ranges

July 20-23, 2013



IAll/2 < w(A) < [|A]
(IIT) Williams & Crimmins (1967):
1Al = 2, w(A) =1

0 2

iA:[oo

]@A' & WA =D

Pf. Let xe C" 5 ||x|| =1 & ||Ax]| = ||A|
Let y=(1/2)Ax
Then |y =1 & xLly
Let K= V{y,x}

0 2

Then A—[O 0

]EBA/ on H=K@ K"+
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August, 1978
Helsinki, Finland
James P. Williams (1938-1983)
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Crabb (1971):

w(A) <1, ||[A"%|| =2 forsomen>1 & ||x]|=1

.

oA if n=1

o © O

2

0
V2
0 1

oA if n>2
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Gau & Wu (2009): confirming a conjecture of Drury (2008)
Thm. 2) = z- 1=} (z— 2)/(1 — 72, |aj < 1Y)

w(A) <1

IRA) = 2

= A~ B@ A, where B similar to the Sni1-matrix with

eigenvalues aj,...,a,-1,0,0 & W(A) =D

Special cases:

flz) =z = Williams & Crimmins
flz)=2"(n>2) = Crabb

Pei Yuan Wu (%557T) Explorations in Numerical Ranges July 20-23, 2013



Gau, Wang & Wu (2017)

Anxn, ||A|=|AX|=1 for some k> 1
= w(A) > cos(m/(k+ 2))

Moreover, "=" < A= Ji 1 @ A, w(A') < cos(n/(k+2))

Special cases:

k=1 = Williams & Crimmins

k=n-1:

Cor. A nx n, ||A]| =1. Then the following are equiv.:
(a) |IA™ 1H =1 & w(A) = cos(m/(n+1)),

(b) A

(c) [|A™ 1|y =1& A"=0,

(d) W(A) ={z€C: |z <cos(r/(n+1))} (Wu, 1998).
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